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ABSTRACT

This study introduced the concept of beta hat generalized closed set in generalized topological
spaces. It also investigated related concepts such as u-f g-interior and u-g g-closure of a set. This paper
proved that every u-open (resp. u-closed) set is - g-open (resp. u-$ g-closed). It is also shown that the
family of all u-f g-open subsets in X does not always form a generalized topology in X. Moreover, u-gg-
closure of set is smaller than u-closure while the u-f g-interior is generally larger than its u-interior.
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1. INTRODUCTION

From the time when Pure Mathematics has given significance, many diverged
concepts on sets has been introduced by our Mathematicians across the globe. One of the most
important set is the closed set which play a very essential role in topology. As years passed,
diverse forms of closed sets have been studied, characterized and introduced in an arbitrary
topological space. One of which is the generalized closed (briefly g-closed) set which was
pioneered by Levine [1] in the year 1970. In his study, he compared closure of a subset with its
open supersets and discussed the properties of sets, closed and open maps, compactness, and
normal and separation axioms. This paved way to more developments in general topology. In
recent years, many topologists studied extensively on the use of closed sets. In 2012, K. Kannan
and N. Nagaveni [2] further investigated a new class of closed sets called beta hat generalized
closed (briefly Bg-closed) set and introduced its properties on topological spaces. In 2001,
Cséaszar [3] introduced the concept of generalized topological spaces (briefly GTS). The results
gathered were utilized to further developments in GTS. Throughout this paper, we extended the
L g-closed sets to GTS wherein various properties and characterization associated to these were
widely-investigated.

This paper introduced and investigated the concept of beta hat generalized closed set
in generalized topological space. Specifically, the fg-closed sets in GTS were defined and

characterized. Additionally, some properties of §g-closure and 3 g-interior of a set in GTS were
defined and investigated.

2.0n u-Bg-CLOSED SETS IN GTS
In 2012, Kannan and Navageni introduced £ g-closed sets in topological space [2]. In this
section, this concept is defined in GTS. This section introduces the concepts of u-g8 g-closed sets,
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u-Bg-open sets, u-fg-closure and p-Bg-interior of a set in GTS. Some basic properties,
relationships and characterizations involving these sets are considered.

All throughout, X denotes the GTS (X,u) unless otherwise specified.

Definition 2.1 Let (X, u) be a GTS and A € X. Then A is called u-beta hat generalized closed
(briefly u-fg-closed) set if ¢, (i, (cy(A))) € U whenever A <€ U and U is p-open in X. The
complement of u-£ g-closed set is u-beta hat generalized open (briefly u-£g-open) set.

Example 2.2 Let X = {a, b, c}. Consider the generalized topology u = {J, X, {a}, {c},
{a,c}}. Then the u-closed sets in X are X, &, {b,c}, {a,b}, and {b}. Thus the u-B g-closed sets
in X are &, X, {b}, {a,b} and {b,c}. Hence, the u-Bg-open sets in X are X, &, {a,c}, {c} and
{a}.

The next theorem characterizes a u-f g-open set.
Theorem 2.3 Let (X, u) be a GTS and A € X. Then A is a u-fg-open set if and only if
U < i,(c,(i,(A))) whenever U € Aand U is pu-closed in X.

Proof: Suppose that A is u-8g-open in X. Let U € A where U is u-closed in X. Then X\ A
X\ U where X\U is p-open set in X. Since X\ Ais  u-fg-closed in X, (e (X \
A))) € (X\U). Thus, (X \ U)° E (c,(iy(cy,(X\ A))))°. It implies that U < i, (c,(i,(A))).
]

Conversely, let X \ A € U where U is p-open set in X. Then X\ U is u-closed in X with
X \U € A. By assumption, X \U < i, (c,(i,(A))). Hence, ¢, (i,(c, (X \ A))) € U. Therefore,
X\ Ais u-f g-closed in X which implies that A is u-£ g-open in X.

Theorem 2.4 The union of two u-f g-closed subsets of X is also the u-g g-closed subset of X.

Proof: Assume that A and B are u-f g-closed subsets in X. Let U be a u-open set in X such that
AUB c U. Then, Ac U and B c U. Since A and B are u-fg-closed, cu(iy(c,(4))) € U and

cu(iy(cy(B))) €U.  Thus, ¢, (i,(c (A4))) Uc,(iy(cy(B))) €U. Since, c¢,(i,(c (AU B)))
€ ¢, (i,(cu(A))) Uc,(iy(cu(B))) itfollows that c,(i,(c, (AU B))) € U. Therefore, Au B

is u-B g-closed.
]

Remark 2.5 The intersection of two u-£g-closed subsets of X is generally not u-£g-closed
subset of X.

To see this, consider the next example.

Example 2.6 Let X ={a,b,c} and consider the generalized topology u ={, X,{a}}. Then, the
p-closed subsets are X, J, and {b,c} . Note that {a,b} and {a,c} are u-Bg-closed sets but {a, b}
n {a, c} = {a} is not u-B g-closed set in X.

Theorem 2.7 If a subset A of X is u-f g-closed set in X, then ¢, (i, (cy(A))) \ A contains no
non-empty u-closed set.
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Proof: Suppose that A is u-Bg-closed set in X and F is a u-closed set such that F <
Cu(iu(cy(A))\ A. Then F < ¢, (i,(c (A))) and F € X\ A. Thus, A< X\ F where X \ F is
p-open set in X. Since A is u-f g -closed, c, (i, (c,(A))) € X\F. Thus, F € X\ ¢,(i,(c.(4))).
Hence, F S ¢, (i (c (A))) N X \ ¢,(i,(c,(A))) = . Therefore, F = &. Consequently,
¢, (i,(cy (A))) \ A contains no non-empty u-closed set. [

Remark 2.8 The converse of Theorem 2.7 is not necessarily true as shown in the next example.

Example 2.9 Let X = {a, b, ¢, d}. Consider the generalized topology u = {<J, {a, b}, {b, c},
{a, b, c}}. Then the u-closed sets in X are X, {c, d}, {a, d} and {d}. The u-Bg-closed sets in X
are X, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, ¢, d} and {b, c, d}. Consider set {b} which is not
u-B g-closed. Note that (i (c,({d}))) = X. Observe that c,(i,(c,({d}))) \{d} = {a, c, d}
which is not u-closed.

Theorem 2.10 Every u-closed set is -8 g-closed.

Proof: Let A be any u-closed set in X such that A € U where U is u-open. Since A is u-closed,
A=c,(A). Now, i,(c,(A) € c,(A). Thus, c,(i,(c,(A))) E c,(c,(A)). By Theorem 1.7.1
(i), ¢, (c,(A)) = c,(A). Hence, c,(i,(c,(4))) Ec,(A)= A & U. This implies that
¢, (i, (cu(A))) € U. Therefore, A is u-f g-closed.

]
Remark 2.11  The converse of the Theorem 2.10 is not necessarily true as shown in the
following example.

Example 2.12 Let X = {a, b, ¢, d}. Consider the generalized topology u = { &, X, {b,c},
{a,c,d} }. Then the u-closed sets in X are X, &, {a,d} and {b}. The u-Bg-closed setsin X
are O, X, {a}, {b}, {d} and {a,d} and the u-Bg-open setsin X are X, &, {b,c,d}, {a,c,d},
{a,b,c} and {b,c}. Note that the set {a} is u-f8g-closed since c,(iy(c,({a}))) = D is a subset
of X and {a,c,d} where X and {a,c,d} are u-open sets. However, {a} and {d} is not u-closed set
in X.

The next corollary follows from Theorem 2.10.
Corollary 2.13 Every u-regular closed set in X is u-g g-closed.

Remark 2.14 The converse of Corollary 2.13 need not be true as seen from the following
example.

Example 2.15 Consider X ={a, b, c, d} and the generalized topology u = {J, X, {b, c}, {a, c,
d}}. Then the p-closed sets in X are X, &, {a, d} and {b}. The u-fg-closed setsin X are
D, X, {a}, {b}, {d} and {a, d}. Also, the u-regular closed in X are & and X. Observe that
{a}, {v}, {d} and {a, d} are u-fg-closed in X but not u-regular closed in X.

The next corollary follows from Theorem 2.10.
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Corollary 2.16  Every u-open set is u-f g-open.

Remark 2.17 The converse of Corollary 2.16 is not necessarily true as shown in the following
example.

Example 2.18 Consider Example 2.15 with u-open sets J, X, {b,c} and {a,c,d}. Then the u-
B g-open sets in X are X, &, {b,c,d}, {a,c,d}, {a,b,c} and {b,c}. Note that the sets {b,c,d} and
{a,b,c} is u-fg-open. However, the sets {b,c,d} and {a,b,c} are not u-open sets in X.

Theorem 2.19 The empty set is u- 3 g-open.

Proof:  Suppose & is not u- 3 g-open. Then there exists a u-open set U € & such that
U < i,(c,(i,(A))). This is a contradiction. Therefore, the empty set is u- S g-open.
]

The next corollary follows from Theorem 2.19.
Corollary 2.20 Xis u- 8 g-closed.
Theorem 2.21 Let (X, 1) be a GTS. Then every singleton is either u-closed or u- g-open.

Proof: Suppose X \ {x} is not u-open. If X is u-open, then X is the only u-open set containing X
\ {x}. This implies c, (i, (c,(X \ {x}))) € X. Hence X \ {x} isa u-B g-closed set in X.

]
Theorem 2.22 If A is u-regular open and u-rg-closed, then A is u-f g-closed set in X.

Proof: Let A be pu-regular open and u-rg-closed in X. We prove that A is a u-£g-closed set in
X. Let U be any u-open set in X such that A € U. Since A is u-regular open and u-rg-closed, we
have c,(A) € A. Now, i,(c,(A)) € i,(A). Since A is regular open, it follows that A is open.
Thusi,(A) = A. It follows that c,(i,(c,(A4)) € c,(A) SACU. Thus, c¢,(i,(c,(A) <€ U.
Hence A is u-f g-closed in X.

Theorem 2.23 If Ais a u-f g-closed subset in X such that A € B € ¢, (A), then B is an u-fg-
closed in X.

Proof: Let A be a u-f g-closed set in X such that AS B < c,(A). Let U be a p-open set in X such
that B c U. Then A c U. Since A is y-ﬁg-closed, ¢, (i, (c (A)) € U. Also, B € c,(A). Then
c,(B) € ¢, (cu(A)) = c,(A). Now,
c,(B) € c,(A)
i, (cu(B)) € iy (cu(A))
cu(iu(cu(B))) € cu(iu(cu(A)) € U
¢, (iy(cu(B)))c U
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Hence, B is u-f g-closed set in X. Therefore, if A is an u-f g-closed subset in X such that
A € B < c,(A), then B is an u-f g-closed in X.

Remark 2.24 The converse of the above theorem need not be true as seen from the following
example.

Example 2.25 Let X = {a, b, c, d}. Consider the generalized topology u = {J, X, {a}, {b},
{a, b}, {a, b, c}}. Then the u-closed sets in X are X, &, {b, ¢, d}, {a, c, d}, {c, d} and {d}.
The u-Bg-closed setsin X are &, X, {c}, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, ¢, d} and
{b, c, d}. Note that the set {b} is not u-f g-closed set in X and the set {b, d} is a u-fg-closed set
in X. Observe that the set {b} < {b, d} < ¢, ({b}) = {b, ¢, d}.

3. u-fg CLOSURE AND pu-fg INTERIOR IN GTS

We will now define and give some properties of the - g-closure and u-f g-interior of a
set in GTS. Note that these definitions are in parallel to

Definition 3.1 Let (X,u) beaGTSand A c X.

(i)  The u-Bg-closure of A, denoted by B gc,(A), is the intersection of all u-3g-closed
sets containing A.

(ii.) The u-Bg-interior of A, denoted by ,[?giu(A), is the union of all u-fg-open sets
contained in A.

Remark 3.2 Let (X,u) beaGTS. ForanyA <€ X, A € fgc,(A) and Bgi,(A) € A.

Example 3.3 To illustrate Definition 3.1, consider Example 2.2. Note that the u-closed sets in X
are X, &, {b,c}, {a,b}, and {b}. Then, u-fg-closed sets are &, X, {b}, {a,b} and {b,c}. Also
u-p g-open sets are X, & {a,c}, {c} and {a}. Observe that A € fgc,(A) and fgi,(A) € A.

The next theorem investigates some properties of 3 gc,(A)and pgi,(A).

Theorem 3.4 Let (X, u) be a GTS and A, B and F be subsets of X.

(i) IfAisu-pg-closed, then A= Bgc,(A) = Bgc,(Bgc,(A));

(i) ye€Bgc,(A) ifand only if for every u- g-open set Uwithy € U,U N A = &J;
(i)  Bgc.(A) € c,(A);

(iv) [IfACB, thenfgc,(4) S Bgc.(B);

(v)  Bge.(4) € Bgeu(Bgcu(A)); and

(vi.) ﬁch(A) U Bch(B) c ﬁgc#(A U B).

Proof: (i) By Remark 3.2, AS fgc,(A). Since A is u-fg-closed, by Definition 3.1 (i.),
Bgc,(A) € A. Hence, A= fgc,(A). It follows that
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Bgc,(A) = Bg c,(Bgc,(A)).

(ii.) Lety € Bgc,(A) and U be a u-f g-open set with y € U. Suppose that U n A= &J. Then A
c X \ U, where X \ U is u-fg-closed. Sincey ¢ X \ U, y ¢ Bch(A). Hence, we have a
contradiction since y € Bgcﬂ(A). Therefore, UNA+ .

Conversely, suppose that y & f gc,(A). Then there exists a p-Bg-closed set F 2 A with
y & F. Hence, y € X \ F. Since F is u-fg-closed, X \ F is u-fg-open and (X \ F) N A = &
which is a contradiction to the assumption. Therefore, y € ﬁ’gcu (4).

(iii.) Letx € Bgcu(A) and let O be any u-open set with x € O. Then by Corollary 2.16, O is u-
f g-open. Since x € fgc, (A), by (ii.), O N A = . Hence, X € ¢, (A).

(iv.) Letx € Bgcﬂ(A) and U be a u-B g-open set with x € U. By (ii.), UNn A # . Since A € B,
it follows that U n B = &J. Therefore, x € fgc, (B) showing that fgc,(4) S fgc,(B).

(v.) Let x € Bgc,(A) and let F be any u-f g-closed set such that fgc,(4) € F. Thus, x € F. By
Definition 3.1 (i.), X € ﬁgcu(ﬁgcu(A)). Therefore, ﬁgc#(A) c Bgcu(ﬁch(A)).

(vi.) Since A and B are contained in A U B by (iv.), if follows that fgc,(4) € fgc,(A U B)
and fgc,(B) € Bgc, (A U B). Therefore, Bgc,(A) U Bgc, (B) S Bgc,(A U B).
i

Theorem 3.5 Let ( X, 1) be a GTS and A, B and F be subsets of X.

(i) IfAis u-Bg-open, then A= Bgi,(4) = ﬁgiﬂ(ﬁgi(A));

(i) x€pgi,(A4) ifand only if there exists a u-f g-open set U with x € U C A;
(i) i,(4) € Bgiu(A), and;

(iv.) IfAcB,thenBgi,(A) S Bgiu(B).

Proof: (i.) Let A be a u-f g-open subset of X. Since ,@gi#(A) C A, it suffices to show that A
c Bgi,(A). Suppose X & Bgi,(A). Then by Definition 3.1 (ii.), x & O for any u-f g-open set O
C A. Hence, in particular, x € A since A is u-Sg-open. Thus, A S 3giH(A). Therefore, A
= Bgi,(A). Consequently, Bgi, (A) = Bgi,(Bgiu(A))

(ii.) Let x € ,[?giu(A). Then x € U for some u-Bg-open set U with U € A. The converse also
follows from Definition 3.1 (ii.).

(iii.) Let x € i,(A). Then there exists a u-open set O with x € O and O < A. By Corollary 2.16,
O is a u-Bg-open set. Thus there exists a u-£ g-open set O with x € O and O < A. Hence, by
(ii.), x € pgi, (4).
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(iv.) Let A € B. Suppose x € Bgi,(A). By (ii.), there exists u-f g-open set U with x € U € A.
Since A C B, there exists a u-ffg-open set U with x € U € B. Thus, x € pgi,(B). Therefore,
Bgiu(A) < Bgiy(B).

]

Theorem 3.6 Let A € X. Then fgi, (A) =X\ [Bgc. (X \ A)].
Proof: Suppose x € [?gi# (A). Then there exists a u-£ g-open set U with x € U € A. Hence, there

exists a u-fg-closed set X \ U with x ¢ X \ U 2 X \ A. This implies that x ¢ ﬁgc#(X \ 4).
Hence, x € X\ Bgc, (X \ A). Thus, Bgi,(A) € X\ [Bgc,(X \ A)].

Conversely, let x € X \ Bgc,(X \ A). Then x & Bgc,(X \ A). This implies that there
exists a u-B g-closed set F containing X \ A such that x € F. Hence, there exists a u- g-open set
X\ Fwith x € X\ F € A. It follows that x € fgi,(A). Therefore, gi, (A) 2 X \ [Bgc, (X \

A Consequently, Bgi,(A) =X \ [Bgc, (X \ A)].
i

The next corollary follows immediately from Theorem 3.6.

Corollary 3.7 Let A < X. Then fgc,(4) =X\ [Bgi,(X \ A)].
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