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Abstract

In this paper, we study to solve two additives (A1, A2)-functional inequalities with 3k-variables in (0.1, az)-homogeneousF
spaces. Then we will show that the solutions of the first and second inequalities are additive mappings. That is the
main result in this paper.
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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f: X — Y. We use the notation || - || for all the norm on both
X and Y. In this paper, we investisgate some additive (L1, A2)-functional inequality in (a1, az2)-homogeneous F-spaces.
In fact, when X is a a1-homogeneous F-spaces and that Y is a a2-homogeneous F-spaces we solve and prove the
complex Banach space of two forllowing additive (A1, kz)-ﬁmctional inequality.

Z +ZJJ'Z:J)‘ Z}‘ le—Zl Zf —’Z!’(rn

=1 =1

Ay (f(Z'a + Z”J + Z :.r) - Zf(’)) - Z f(”.;) - Zf(‘:}))

’\E(I(Z-r.: T Zb‘; = Z:_J) = Z!(*:) = Zf(_:‘!;) =+ ZI(‘:]))

1

Y

(1.1)

and when we change the role of the function inequality (1.1), we continue to prove the following function inequality.

2‘=+ZJ;+Z~; if(.r_,)—if(y,,)—if(:})
W13 Zm-? Z (1-9) - 3 1(6) -2 1(5)|
(ZU Z‘fﬁZw—Z 5+ ;) Zf )H (1.2)

where 11, 4, are fixed nonzero complex numbers with G( 11, 4> )-functionalinequality. ai, oo € R+, a1, ax < 1.

(C\ {0}, Y) ={G:C\ {0} - Y,G(A,2s) = 1= X" = |ng[™

1}

The Hyers-Ulam stability was first investigated for functional equation of Ulam in [1] concerning the stability of group
homomorphisms.
The functional equation

SEEN =) +1()
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive mapping.

The Hyers [2] gave firts affirmative partial answer to the equation of Ulam in Banach spaces. After that,
Hyers’Theorem was generalized by Aoki [3] additive mappings and by Rassias [4] for linear mappings considering an
unbouned Cauchy diffrence. Ageneralization of the Rassias theorem was obtained by Ga vruta [5] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach.

The Hyers-Ulam stability for functional inequalities has been investigated such as in [5],[6],[7]. Gila'nyi showed that if
it satisfies the functional inequality

[2f (=) +2f(v) = F(= = »)|| < [If (= + ») || (1.3)
Then f'satisfies the Jordan-von Newman functional equation
.Zf(:) —I—‘Ef(_u) = _,'(f +y) + flz — _e,f) (1.4)
. Gila'nyi [6] and Fechner [8] proved the Hyers-Ulam stability of the functional inequality (1.3).
Next Choonkil Park [9] proved the Hyers-Ulam stability of additive f-functional inequal- ities. Recently, the author has

studied the addition inequalities of mathematicians in the world as [5] [8] [10] -[24] and I have introduced two general
additive function inequalities (1.1) and (1.2) based on the the additive function inequalities and the following additive

functional equations
"_ T ",. -rrl—:— \
*l-‘f(z"ﬁl 2 +ZJ-'L ")N.|n|>|};|_ (1.5)
: n-k

n n
"ru-i'-
> f(w) + 25 (722)
n
j=1 Jj=1
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Next
f(.rl + 124 ...+ .r,;) - f(.rl) — f[.r) + ...+ :,,)
< ||, (f(.rl +Zo+ ..+ 2p) = f(T1 =22 — ... — 2p) — 2](.:'1])
1 f_,(-‘)f("" T2 j: L3 'r") - f(z1) = f(z2+ ... +.1',,)) (1.6
Next
k k k k Lk ko
Fa) + 30 ) + ()| < [y (BTt Tt ¥ B
j=1 j=1 i=1 Y Y
(1.7)
And
k k k k k k
S f)+ ) )+ fE)| <A D+ ui+ D) % (1.8)
j=1 J=1 J=1 Y j=1 J=1 J=1 j £
And
- , koo ko k
Z Zf () +2k Y f(z)|| <|[2kf 2 ;Z‘ 243z
j=1 j=1 j=1 Y - j=1 Y
(1.9)
Final
k k k k k k
FO_zi+) yi+) %)+ f Z ZUJ D) =2) f(z;) —QZf(y_,-) =10
j=1 §=1 j=1 F=1 j=1 j=1 (11”)
And
k k k k k k
Z’J+Z*fa+2v: = Z’J Z"h %) sz(-’b)_ng(:}):”
j=1 i=1 F=1 j=1 j=1
(1.11)

in Non-Archimedean Banach spaces and on the complex Banach space. When proving the additive function inequalities
and the additive function equations on the complex Banach space, I continue to study the above additive (41, 42) -
function inequality on the (o1, az)-homogeneous F-spaces. i.e., the a-functional inequalities with 3k-variables. Under
suitable assumptions on spaces X and Y

, we will prove that the mappings satisfying the (4, 1»)-functional inequatilies (1.1) or (1.2). Thus, the results in this
paper are generalization of those in [7] [9] [17] [25] [26] [27] for a-functional inequatilies with 3k-variables. The paper
is organized as followns: In section preliminarier we remind a basic property such as We only redefine the solu- tion
definition of the equation of the additive function. In this paper, I construct the additive Jensen (41, A2)-function
inequality on the (a1, a2)-homogeneous F -spaces with an unlimited number of variables to facilitate the construction of
functional equations on the infinite-dimensional space. The method is that I rely on the ideas of mathematicians around
the world See ([1]-[28]). This is a bright horizon for the function inequality. The paper is organized as followns: In
section preliminarier we remind a basic property such as We only redefine the solution definition of the equation of the
additive function and F *-space .

Section 3: Establishing the solution for (1.1) in (a1, a2)-homogeneous F' -spaces.
Section 4: Establishing the solution for (1.2) in (a1, az)-homogeneous F' -spaces.
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2. Preliminarier
1. F * spaces.

Definition 2.1.

Let X be a complex linear space. A nonnegative valued function || - || is an F -norm if it satisfies the following
conditions:

(1) ||z|| = 0 if and only if z = 0;

(2) ||Az]| = ||z

for all z € X and all A with ‘,\‘ o

(3) .:.‘+yH < ||z

+ HUH for all z,y € X;
(4) A,..r“ =0, —=0;
(5) [|Azal| = 0, 20 > 0.

(6) [|Anzn|l = 0N, = 0, z, — 0.

geneous (B > 0) if ||£x|| = |¢| # ||x|| for all x € X and forall t € C and (X,||:||) is called
a-homogeneous F-space

2.2 Solutions of the inequalities. The functional equation

S+ =) +fK)
is called the cauchuy equation. In particular, every solution of the cauchuy equation is said to be an additive mapping.
3. ESTABLISHING THE SOLUTION FOR (1.1) IN (a1, a2)-HOMOGENEOUS F -SPACES
3.1. Condition for existence of solutions for Equation (1.1). Here pay attention that X is a a;-homogeneous F -

spaces and that Y is a ax-homogeneous F -spaces.

Lemma 3.1. If a mapping f: X — Y sattisfies

f(ZJ‘;'*ZM"*Z%)+f(z-*‘;+2ifj—z3j)—ng(JT-‘;)—QZf(!fJ)
< NI+ S+ Y 5) - ) - 1) - Y 1)
((Cn+ w0 - S @) - S i) + X)) 6

forallxj, y;, zi € X forj=1— n, then f: X — Y is additive
Proof. Assume that f': X — Y satisfies (3 .1).
We replacing (X1, ..., Xk, Y1, --e» Yk Z1, -, Zk) bY (0, ..., 0,0, ..., 0, 0, ..., 0) in (3.1), we have

| (k= 2)£(0) | < || (3K = 1) 70| + [k = 1) £(0)

Therefore
So f{0)=0
Replacing (Xi,..., Xk, Y1, Y25 -+ Yk ZI, -, Zk) by (0,..., 0,0, 0, ..., 0, z, ..., 0)we get

£) + F(-v)| <0
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PUBLICATION
and so f* is an odd mapping. Replacing (x1 ceey Xy y1 o Vb 21, -ty Z0) BY (X1yeees Xk 0, ..., 0, 21, ...,7k) in (3.1), we have
k k
Zz +z:~JI Zf(:})-z:f(.rj)
1 =1
4 k k ' k k
< M (f(Z Z =) @) =D f (:J))|
Jj=1 j=1 1=1 i=1
k k k k
(PO + Yo z) = Yo flws) - Y £ (=) (3.2)
j=1 j=1 j=1 j=1
And so
i o k k k
(1—|,\1| - ,\2’ )‘f(ZJﬁZ;J-) 3 £ () Zf(J <0 (33
j=1 j=1 j=1
And so
k k k k
f(ZJJ-rZ:J) :Zf(“) +Zf(:J)
J=1 i=1 i=1 j=1
for all x;, z; € X for j = 1 — k, as we expected. Q

3.2. Constructing a solution for (1.1). Now, we first study the solutions of (1.1). Note that for these inequalities,
when X is a a;-homogeneous F -spaces and that Y is a ax-homogeneous F -spaces. Under this setting, we can show that
the mapping satisfying (1.1) is additive. These results are give in the following.

sl;
Theorem 3.2. suppose a1’ be nonngative real number and let f: X — Y be a mapping such that

t Z: +ZJ}+X:.,J +Zf ~y;)~if(31)—?if(?*‘;)

j=1

’\l(f(z-*‘)+zyj+z::'] Zf( Zf*h Zf )
’\Q(f(z_‘:”} + Z:FIJ + Z: %) = Z_:f(’: +y;) — Z_:f(:J‘)) ‘
ol + Xl + ) (34

for all xj, yj, zj € X for all j = 1 — n. Then there exists a unique mapping y: X — Y such that
2k

z) —v(x)| = 3.5)
7@ -] < AT =Tl @R — @ 1l (35
for all x € x
for all x or all x € X Proof. Assume that f; X — Y satisfies (3.4).
Replacing (Xi,..., Xk, Y1, o5 Yks Z1, -5 Zk) DY (0,..., 0, 0, ..., 0, 0, ..., 0) in (3.4), we have
Sof(0)=0
Next we replacing (X1, ..., X, V1, --o Vb Z1, -, Zk) DY(¥, ..., X, 0, ..., 0, x, ..., x) in (3.4), we get
2k0 r .
“f(QI.‘;r) —2kf(z)| < = —||= (3.6)
(1= [A]™ = [A2]™)
for all x € X. Thus
T 2k6
f T _2!‘f aL HS agr 2 7] (37'
|7 =21 Gl < et
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for all x € X. So

p—1

)| < X fexrs

2%0 (2K )02
_ |2A|n1r 1— ; |A2|f\x Z (2" ayrj

2)'s () - @91 (5 ) = @Y () |

.r:“ (3.8)

for all nonneg ative in tegers} p, / with p > [ and all x € X. It follows from (3.8) that

L\ -
the sequence { (2k)"f ( (2k)" ) }is a cauchy sequence for all x € X. Since Y is complete,

+\n
the sequence{ (2k)"f ( (2k)" ) }coverges. So one can define the mapping ¢: X — Y by

.- o \n I
(ﬁ(.l) = im0 (2K)" £ ( (2k)" )for all x € X. Moreover, letting 1 = 0 and passing the limit m — oo in (3.8), we get
(3.5). It follows from 3.4) that

J+ZyJ+Z"J)+Z (x5 — vj) Z{:'(:J) ‘_22'-"(-";)
= lim (2k)*2 "i| (ZL)" (Z 5+ ZUJ + Z -,)) z.f( (.-,A)JJ) - Zf(ﬁﬁ)

T —HO0

.
- 22;{{2“".1-,)
i=1 )
k k
< i (|1 (i (Z e+ Zm + Zu)) -3 rge) — 2 Hggem)
J=1 J=1

k
L T P
2 )

(G (o Lom+3o5)) - 1 - 3 ()| )
+ lim -‘f.'ff’,a(znun +Z||w|| +z||~,||)
- ,\.(v(zf) + ng + zz,-) - za-(x,) -3 wlw) - Zv(z,))H

A2 ( Z z; + Z y; + z z) — Z o(x; +y;) — Z t-(;J))” (3.9)

F=1

+ ‘

for all x;, yj, zi € X for all j = 1 —n. Hence

Z.a +Z¢;J+Z..J)+Z (x5 — y5) Z_.:t'(:j)—fzz.t ‘
s (2: P B Bt - 3500 - 30|
( ZJ +ZJ_,+Z..J —i (z; + ;) — ZL:L(:J))‘ (3.10)

forall x;, y, z € X for all j J= 1 —n. So by lemma 3.1 it follows that the mapping y : X — Y is additive. Now we need

to prove unic
{‘l an

.'l
| (m)) “W

4!{.(2.&')"2“ L
S T = Pl @Ry (@R — @R |

(2&)“-’"(

|+ ||o’((2‘;)n) B f(ﬁ)”)

(3.11)
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which tends to zero as n — oo for all x € X. So, we can conclude that y (x)= ¢ (x) for all x € X. This proves thus the
mapping y: X — Y is a unique mapping satisfying (3.5) as we expected.

2

Theorem 3.3. Suppose r< ar be nonngative real number, and let f> X — Y be a mapping such that
k k
‘ Z'1+ZJJ+Z~J +Zf )_Zf(:J)_2Zf("'J)
Jj=1 |
k k
<[ (s E::+§:w+§:w -3l = Y :zfﬂ)“
=1 i=1 =1

( ZI +ZUJ+2"J Z:f’ +JJ Zf(:u))”

ij=1
%E:mjf
j=1

for all x;, y;, z € X for all j = 1 — n. Then there exists a unique mapping y: X — Y such that

2k .
) —v(zx)|| < - - Azl .
f( ) 4 ( ) - (1 . |/\]| T _ |A3I -)({2"‘.)ng - (2!\.){111") ” |

) (3.12)

(3.13)

forallx€X
The rest of the proof is similar to the proof of Theorem 3.2.

4. ESTABLISHING THE SOLUTION FOR (1.2) IN (a1, a2)-HOMOGENEOUS F -SPACES
4.1. Condition for existence of solutions for Equation (1.2). Here pay attention that X is a a;-homogeneous F -
spaces and that Y is a ax-homogeneous F -spaces.

Lemma 4.1. Let a mapping [ : X — Y satilies

k k k k k
‘f(Z;g%—Z.U;%—Zg)—Z th;_, Zf
j=1 j=1 j=1 j=1

J=

Ai(f(_z'r; Tu+ds) +Zf<-r;- ~y) - Zf(:;) - EZI(-'I*;))H

i=1 =1

X (f Z‘ +ZJJ+Z~J —g z;j + ;) ZIq)H (4.1)

Je=l

<

We replacing (xi, ..., Xk, Y1, ..., Yk 21, ..., Z®) by (0, ..., 0,0, ..., 0, 0, ..., 0) in (4.1), we have
k=110 <[ Ao (2k = 1) £(0)

4
(k=1 = |nr-1)

Therefore
8a

Ao (2k — 1)‘&)”}(0)” <0

So f(0)=0.
Replacing (Xi..., Xk, Y1, Y2, > Yk Z1, -.., Zk) bY (0 ..., 0, =y, 0, ..., 0, 0, ..., 0), in (4.1),
we get

Hf(—y)—f(_*f “ Al

(=) + 1G] = Pl (-

v) - f(—y)|| <0
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and so f'is an odd mapping.

Replacing (x;,... , Xk, V1, ..., V&, z1 wzZR) by (X1, X1, 0, ..., 0, 2y, ..., zi) in (4.1) we have
k k
I 5 +zu z: )35
-1 = j=1 j=1
4 k k k k
= )\l(f(z?: +Z:J) _Zf('J) _Zf(%)) I
j=1 i=1 j=1 j=1
k k X k
(P i+ D m) - Y f() - Zf(»-.;))‘ (42)
=1 j=1 j=1 j=1
And so . . . )
(1= =] )Hf(z 5+ Yo%) - D f(5) - Y @) <0 (43
j=1 j=1 j=1 j=1
And so
k k k k
f(z IJ+ZSJ) = Zf(’J) +Zf(3J)
j=1 j=1 j=1 j=1

forall x;, z; € X for j = 1 — k, as we expected.

4.2. Constructing a solution for (1.2). Now, we first study the solutions of (1.2). Note that for these inequalities,

when X is a a;-homogeneous F -spaces and that Y is a ax-homogeneous F' -spaces. Under this setting, we can show that
the mapping satisfying (1.2) is additive. These results are give in the following.

[ 5]
—_—

Theorem 4.2. suppose r > ay’ " be nonngative real number, and let f: X — Y be a mapping such that

(534 35 -3 1(0) - 31000 - L 5(5)
% /\l(f(z-'}'*z:yﬁ'z:;‘)+};f(-'",f—%) = _ f(%)—QZf(-"J))H
+ /\z(f(z:.f‘J+ZU;+Z~7;) —Zf(-r';+ff;)~zf(31))‘

) (4.4)

k k k
(X el + S Mol + S M1l
j=1 J=1 j=1

for all x;, yj, z; € X for all j = 1 — n. Then there exists a unique mapping y: X — Y such that

2% _
7@ @] < TR @ a1 )

forallx €X
Proof. Assume that f: X — Y satisfies (4.4).

Replacing (X1,..., Xk, Y1, --+» Yks Z1, ---» Zk) bY (0,., 0,0,..., 0, 0,., 0) in (4.4),we have
So f(0)=0.
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Next we replacing (x1,..., Xk, y1, ..., yk, z1, ..., zk) by (x,..., X, 0, ..., 0, X, ..., X) in (4.4), we get

| @kz) - 2k5 ()| < - |,\1|?‘fg- Wi (4.6)
for all x €X. Thus
|7 (2) - 207 (- =) )| < P I_T;”j o } (4.7)
for allx €X. So
(20" () — 2 ZH )1 (755) = @Y1 ()|
Pl (oyeai | e
|2;. i 1—|2:,9“2 |A2|* z:; 22an (48)

for all nonnegative integers p, / with p > 1 and all x € X. It follows from (4.8) that

X

the sequence { (2Kk) ((2k)" ) }is a cauchy sequence for all x € X. Since Y is complete,

{@2R)"f (=) ) |
the sequence (2k)™ / J coverges. So one can define the mapping ¢: X — Y by
6() = limy00(2K)"  (55%)
(4.5). It follows from (4.4) that

for all x € X. Moreover, letting | = 0 and passing the limit m — o in (4.8), we get

k k k k k
Y (ZJJ + Zy.f +Z:J) = ZL;'(-"J) —ZL () —Z'* (25)
= J= .;- . J= - J:‘ J‘—- N - ,
= lim (2k)*" f(-(-ﬂ;—)-,,-(;a-j + Z yj + Z 3)) - Z () ;f((2k)*'“")

k

i B (Xl +z||y1n +): )
( ZIJ+ZJJ+ZHJ +Zla - y;) Zr,-_.-(;j)—zzu(xj))u

J=1

( ZU"‘Z%"‘Z*} ;"’"('l'}‘f‘y})_

j=1

""J'

Eod
-
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forall x; y;, z; €X forallj =1 — n. Hence

o+ T+ 3 5) - v gt-(m > ()
< /\( Z’J+Z‘IJ+Z~J +Zt ) _Zv(:})_zzt'("]))

k k

-+ 3( (Z +Z*‘;’;+Z~; ZL +UJ _ZL'(:J)) (4’1{])

forallx;, y;, zs EX for allj =1 — n. So by lemma 4.1 it follows that the mapping y: X — Y is additive. Now we need
to prove uniqueness, suppose ¢” X — Y is also an additive mapping that satisfies (4.5). Then we have

v(2) - ¢'(z) || = @r)"| e-((f,';ﬁ),,) -¢(5e7)|

@k (|l (i) = (o) +
L( ;\)" n

r“) 2 r11rlr (‘)A )uu (2}‘)03)

T

(2&-)~) -

I/\

)

(4.11)

IA

(1= ] = A

2

Theorem 4.3. suppose r< ay’ 0 be nonngative real number, and let f: X — Y be a mapping such that

b Tuess ;f(_,u)_;f(_,,})_;fm\
< /\:(fz +ZJ,+ZHJ Z (.:.-_,—;,J)—Zf(;J)_:sz(.,.J))'

+ /\z(f(z:-rg +Z:yj +Z:3J) - Z:f(-*‘J + ;) —Zf(%))
co(S el + 3l

j=1
for all x;, yj, z; € X for all j = 1 — n. Then there exists a unique mapping y: X — Ysuch that

2%k i
x) =z — — o x|l . 4.13
Hf( ) )H pS (1 . M![ 2 _ [/\2| -)((-2;‘.)@ _ {-2;‘.)”.;‘) “ ” ( )

:J,}[") (4.12)

forallx €X
The rest of the proof is similar to the proof of Theorem 4.2.

5. CONCLUSION
The result in this paper is that I have built the Jensen’s additive (41, 42 )-function inequality with 3k-variables over (o,
az2)-homogeneous F spaces and I show the existence of n solutions for them.
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