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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X — Y be a mapping. We use the notation - X - Y for
corresponding the norms on X and Y. In this paper, we investisgate additive functional inequalities associated with
Jordan-Von Neumann type additive functional equatonal when X is a normed space with norm - X and that Y is a
Banach space with norm - Y . In fact, when X is a normed space with norm - X and that Y is a Banach space with norm
- Y we solve and prove the Hyers — Ulam — Rassias type stability of following additive functional inequalities
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Zf{i‘i) | ;I{!b} }Z-HC_J} < |[2kf L‘J 17 }ZJ_A YiT 2ij=1% I

i=1 i=1 Y iy
(1.1)
and
k k k | ! k !
3 flas) + Y0 ) + ) f(=) <|If doam+) m+Y m)| . (L2
Il =1 =1 F=1 Y | =1 J=1 =1 Y
final

: k
f () 1_AZJ“{~. |l z:!zf;-.f o e PO DI I

2%
Hy
(1.3)

L\_
ol
"'H.

j=1 Iy | j=1

The study the stability of generalized additive functional inequalities associated with jordan-von neumann type additive
functional equational originated from a question of S.M. Ulam[1], concerning the stability of group homomorphisms.

Let (G, *) be a group and let (GO , o, d) be a metric group with metric (d -, - ) . Geven € > 0, does there exist a 3 > 0

such that if f : G — GO satisfies
d(flz*y), f(r)o fly)) <dVreG
then there is a homomorphismh : G — G

d(f(x).h(z)) <eVreG

The concept of stability for a functional equation arises when we replace functional equation by an inequality which acts
as a perturbation of the equation. Thus the stability question of functional equations is that how do the solutions of the
inequality differ from those of the given function equation? Hyers gave a first affirmative answes the question of Ulam
as follows: In 1941 D. H. Hyers [2] Let € > 0 and let f : E1 — E2 be a mapping between Banach space

[ flz+y) = f(z) = fl)]| < (1.4)

for all X, y € E1 and some € > 0. It was shown that the limit

| f(2mr)
T(r) = lim —— 1.5)
{' ) 1—s e Al [ g
exists for all x € El and that T : E1 — E2 is that unique additive mapping satisfying
1£(z) = T(z)| < eV €Ey. (1.6)

Next in 1978 Th. M. Rassias [3] provided a generalization of Hyers’ Theorem which allows the Cauchy difference to be
unbounded:

Consider E, EO to be two Banach spaces, and let f : E — EO be a mapping such that f tx is continous in t for each fixed
x. Assume that there exist 6 >0 and p € [0, 1), € > 0 Such that

||f r+y) — flz) = f(v)]| £.r[HﬂﬂP’l lly||). ¥,y € E. (1.7)
Where € and p is constants with € > 0 and < 1. Then the limit
T{J]::Ihn ii%Qil (1.8)
f—00 2n
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there exists a unique linear L : E — E’ satisfies

1£(z) = L{=)]| < 5 JFEFII-*'II”. r € E. (1.9)

If p <0, then inequality (1.7) holds for x, y /= 0 and (1.9) forx /=0

We notice that in Rassias’ functional inequality (1.7) Mathematicians around the world such as [4],[5] as well as Rassias
have asserted that the inequality (1.7) no longer holds true when p = 1 from the assertion that gave rise to the idea to
generalize the generalized functional equation Hyers- Ulam more specifically.

Thus, to replace the non-existent condition mentioned above, Mathematician Rassias

2" + lul by ] fu]” for p.q € B

[2] has given the following specific conditions: with P+Q /= 1.

for all x. €EGa'vruta[6] provided a further generalization of Rassias theorem. During the last two decades, a
number of papers and research monographs have been published on various generalizations and applications of the
generalized Hyers-Ulam stability to a number of functional equations and mappings.

Afterward Gila'ny [7] showed that is if satisfies the functional inequality
12f (=) + 2f (y) — Fzy™)|| < || F(=v)]| (1.10)
|

[ satisfies the Jordan-von Newman functional equation

2f(x) +2f(y) = f(xy) + flxy™") (1.11)

Then, mathematicians in the world proved to extend the functional inequality (1.11) as [7]-[17].In addition,
mathematicians have developed the achievements of their predecessors who have built mathematical models from
advanced to modern mathematics, especially functional equations applied on function spaces to Unlocking means
connecting with other Maths. [3]-[35]Recently, the authors studied the Hyers-Ulam-Rassias type stability for the
following functional inequalities (see [31],[32],[34])

Fl2) + £(y) - f'{rh: < !A(;(%))”\A < [3]. (1.12)
‘,f[_rl) b F(s) + - + flzn) ’ < A-,,f'("" ' '”k' ’)' 3 L‘ (1.13)
> 1) + S o(2) | < fur (B B > [ a0

In banach spaces.

In this paper, we solve and proved the Hyers-Ulam- Rassias type stability for functional inequalitie (1.1). (1.2) and (1.3)
ie the functional inequalities with 3k-variables. Under suitable assumptions on spaces X and Y, we will prove that the
mappings satisfying the functional inequatilie (1.1). (1.2) and (1.3). Thus, the results in this paper are general- ization of
those in [21],[31],[32],[34] for functional inequatilie with 3k-variables.

The paper is organized as followns:

In section preliminarier we remind some basic notations in such as Solutions of the in- equalities.

Section:3 The basis for building solutions for functional inequalities related to the type of Jordan-Neuman additive
functional equations

Section:4 Establishing solutions to functional inequality (1.1) related to the type of Jensen additive functional equation
Section:5 Establishing solutions to functional inequality (1.2) related to the type of Cauchy additive functional equation.
Section:6 Establishing solutions to functional inequality (1.3) related to the type of Cauchy-Jensen additive functional
equation.
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2. PRELIMINARIES
2.1. Solutions of the inequalities. The functional equation

flz+y) =f(z) + fl)

is called the Cauchuy equation. In particular, every solution of the cauchuy equation is said to be an additive mapping.

The functional equation
T+ Yy | e L
(=) =35/e) + 5/ ()
is called the Jensen equation. In particular, every solution of the Jensen equation is said to be a Jensen additive mapping.
The functional equation

T -

2f (- 2” Fz) = f(x) + fy) + 21 ()

is called the Cauchuy-Jensen equation. In particular, every solution of the Cauchuy- Jensen equation is said to be a
Jensen-Cauchy additive mapping.

3. THE BASIS FOR BUILDING SOLUTIONS FOR FUNCTIONAL INEQUALITIES RELATED TO THE TYPE OF JORDAN-NEUMAN
ADDITIVE FUNCTIONAL EQUATIONS

The basis for building solutions for functional inequalities related to the type of Jordan- Neuman additive functional
equations. Now, we first study the solutions of (1.1), (1.2) and (1.3). Note that for this inequalities, X is a normed
space with norm - X and that Y is a Banach space with norm - Y. Under this setting, we can show that the mappings
satisfying (1.1), (1.2) and (1.3) is additive.

Here we assume that G is a 3k-divisible abelian group.

Proposition 3.1. Suppose f- X — Y be a mapping such that

> F(a) 4 Zf(.w]' * Z.ﬁﬁ')

J=1I

< ||2kf ,
Iy 25 Y

k & k
Ej:l Tj E,-=1H_,i ; Z_,::l <3

for all xj, yn,z; € X for all j = 1 — n then f'is additive.

Proof. Assume that /: X — Y satisfies (3.1).
We replaCIHg ('..'E"l'.' euny "I‘k'. ‘Ula ks yﬂ' /:]' i | ;L) by07 A 07 07 ) 07 07 e 0) ln (3.1)’ we have
_f((]) = U’
Next We replacing (3:1, s Ll Yy ooy Yhon 215 ooy zk) byx,o’ ey 0, —2,0...,0,0, ..., O) in 3.1),
we have
\—=r < ||l2nf(o | Hids

£+ 1(=2)], < [2mr @], 32
, for all x € X.
Hence. Hr’} - "I.( T} VreX
Next We replacing (9:1, s Thy YLy wvny Yoy By -oes zk) byxlo, e 0,4,0...,0, — — vy, ..., O) in
(3.1), we have

l£@) + @) - ra+9)|, = || + £0) + £(-2-)||, <|

for all x,y € X. It follows thatj ("1" + y) = ("I"‘) +F (y) This completes the proof.

20f(0) ‘I —0 (3.3)

1Y

Proposition 3.2. /> X — Y be a mapping such a that

I

Z”:Jrf.‘_.-} | i.r(ﬂ;} t if(h) = ,Ir(i Iy =+ iy_;: { Zuj) (3.4)

=1 Y i=1 j=1 ¥

for all x;, y;,zi€ X for all j = 1 — n then fis additive.
Proof. Assume that /: X —Y satisfies (3.4).
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We replacing (5131, ceey xk, y17 ceey yk, Zl, ceey Zk;) by07 ceey 07 07 ceey O, O, ceey O) in (34)’ we haVe
f(0)=0

NeXt We replacing (1'17 ceey xk, yl, ceey yk, Zl, ceey Zk-) by (Q?, ceey 07 _.T, cey O, O7 ceey 0) in (34)’ we
have

H.f[.r_} - f( .r-}HY < Hf(u}”Y (3.5)

for all x € X.
Hence, () =—Ff(—x),¥VreX

Next We replacing (3:1, s Thy YLy ooy Yhoy 1y s zk) byx}O, ey 0,4,0..,0, = — vy, ..., 0) in
(3.4), we have

7@ + 1) = 1@ +w)||, = £E@) + 1) + 1(—2=w)|| < [O)]|, =0 @)

for all x,y € X. It follows thatf (‘T Ty ) =7 ('T) +f (y) This completes the proof.

o f E_T:l Tj + Z;‘I:Hﬂ Ay - =3
2n ' i

Proposition 3.3. /> G — Y be a mapping such that

:i:ffff]+ jijf(yﬂ rih?ji:f{zﬂ

i=1

for all x;, y;,zi€ X for all j = 1 — n then fis additive.
Proof. Assume that /: G — Y satisfies (3.7).

We replacing (‘1:]-* vy Ty Y1y o0s Yns 21, ”Z??)byo 50,0,...,0,0, ..., 0) in (3.7), we have we get

H{:zn? - 2n) £(0) H < 4‘ onf u}H (3.8)
.Sof(o) =0
Next We replacing (:cl, ooy s Yy woes Yniy 21 wees zn) by(a:, 0,...,0,—2,0...,0,0, ..., O) in 3.7),
we have

H,f{y} + f( - .r}”r < H:;-:r:f[u}HY (3.9)
for all x €X.

flz)=-f(-=), ¥z eX
L1y ooy Try Uiy ey Yny 215 ...,zn_)by— 2nz,0,...,0,0...,0, 2,0, ...,0)

Hence.

Next We replacing(
(3.7), we have

” — 2nz) + 2nf(z)

|~.r = HJ‘:"”H”JHY (3.10)

for all x € X.
Thusf(2nz) = 2nf(z), Ve G
z1+Y1 Tn+Yn

Next We replacing (xb"'7xn7y17"'aynazla“'azn) bY(xlw"?xn?yl?'“:yn:_ on ' on )in (3.7),

we have
- } t Z '!.lr_.I} - z.}r U_?

=

Y

qu‘, 12?12;’ . u"

Y

2nf(0) (3.11)

w

Volume-9 | Issue-1 | Jan, 2023 11



GREEN . : - ]
“ PUBLICATION EPH - International Journal of Mathematics and Statistics ISSN: 2208-2212

vxla o They Y1y o5 Yk _3512_‘:;91, ey _Ik;;lyk € GThus
K e fl
D F(a)+ ) fw) =) flay+y;)=0 Gty
i=1 y=1 Jj=1

Next put x = x;,y =y3-for allj=1—nin(3.12), we have

fa+y) =T()+ 1)
for all x,y € G. It follows that f'is an additive maping and the proof is complete.
4. Establishing solutions to functional inequality (1.1) related to the type of Jensen additive functional equation

Now, we first study the solutions of (1.1). Note that for this inequality, X is a normed space with normand that Y is a
Banach space with norm. Under this setting, we can show that the mappings satisfying (1.1) is Jensen additive. These
results are give in the following.

Theorem 4.1. Suppose g > 1, 0 be non-negative real and f: X — Y be an odd mapping such that

> Flzs) + Zf{m} + Y Flz)

i=1

j=1 L'
k k I
< |2k F Ei=lri d Zj=ly..i | EJ.-=|:J
1 2%
Y
k i ke q k =
Fk ZH‘”” J ZH-’H + 2|z (4.1)
- * o= * 53 ¥
forallx;, y,z; € X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that
2%)* + 2k g1 |
1) - @), < 2" -
Y~ (2k)" — 2% Il llx

forall x € X.

Proof. Assume that /: X — Y satisfies (4.1).

We replacing (:.':fl_._ i b Wsg sony W By zk_) py (L o0y T, 25 s, —2kx,0, ..., O) in (4.1), we
Have

lEL-f[:} ~ f(2kz)

| 2k f(r) + f( — 2kzx)

< ({zk}“ 4 ::11.-)9”;”:[ (4.3)

Y Y
for all x € X.So
‘ f(=) - 2,!;.{(%) < %% rll (4.4)
Hence we have
4 () =" (),
m—1 » i ;
e u”jf({.n-f) Ry (tza-}“)j‘_
(2k)* + 2k 0 o= (2k) 4 _
= (2)7 k& WHH |x' (4)
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n
(8" ()
for all nongnegative m and / with m > [, Vx € X. It follows from (4.5) that the sequence 2 is a

cauchy sequence for all x € X. Since Y is a Banach space, the

()" ()}

sequence coverges.

So one can define the mapping H# : X — Y by

H(z) o= Jim (2)"F(5555)
for all x € X.
k k ke
’Z H{IJ} 4 ZH(”—]] 1 ZHE:_‘F}
i=1 3 per =
& -
:”]EE" {EHr ZJ{ Eﬂ Zf ( Z {M
=] Y
% I
= Joo (@6) :za:,f( e %ﬁ}fff i ’”)
. (2K)" k e k -
t lim {2.&'}*"!5 ; ‘.r:_,- & ;ij Li i

k k k
L oais e =i
EL'H(ZJ_' i E;‘l 5] ZJ_I J) (1.6)
' L
for all x;, y,z;€ X forallj=1 — k. So
k k ke
[ZH{J.'_.-} . ZH(H_]Z} 4 ZHI{:J}
j=1 F=1 j=1 ¥
P T DR T S e
2H| == E‘L L7 (4.7)
Y

for all x;, y;,z; € X for all j = 1 — n. By Proposition 3.1, the mapping H : X — Y is additive. Now, let 7: X — Y be
another additive mapping satistify (4.2) then we have

|H(z) - T(@)|l, = (2K)" h(ﬁ) - T(ﬁ)
y

< ) (| ) -7 (W) ) - (@rl,)

2((2k)" + 2k) 6 2 H‘ (4.8)

Y

{: n
= () -2k Kk

nq

which tends to zero as q— oo for all x € X. So we can conclude thatH ("E) - T(‘E) for all x € X. This proves the
uniqueness of H. Thus the mapping A : X — Y is additive mapping satisfying (4.2).
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Theorem 4.2. Suppose q < 1, 0 be positive real numbers and f: X — Y be an odd mapping such that
k

PR EHE: Z_I:f{!ﬁ]' ¥ Z”EJ}

EPH - International Journal of Mathematics and Statistics

j=1

A

2k

k &
q
(Sl
( i x{ : Yj
i=1 i=1
forallx;, y,zi€ X forallj=1—n

Then there exists a unique additive mappingH : X — Y such that

) - )|, < O

k B koo
o f (Zj:l €j T Zj:l yj + Zj:l ~})

5 i3

G 2l) e
i=l1

i

; 4.10
2k — (2k)* X { )
forall x € X.
Notice that: Form (4.3) we have
1 2k + (2k) g
[ — {(2kx < ; 4.11
‘m L jone)| < 2O (a1

for all x € X. The rest of the proof is similar to the proof of Theorem 4.1

Theorem 4.3. Suppose g > p~' with p > 3, 0 be non-negative real and f: X — Y be an odd mapping such that

k ke k

Do)+ D Flw) + D f(=)
=1 =1 =1 ¥

< EAf(Z" 1 T + Z;—l"ﬁ d E_J 1*"’3)

2k
Y
q k kf: kq
g Jc.‘-_[—Jl:”i'r*i x ’;'1 ‘x LS5
_J=
forall x;, y,zi€ X forallj=1—n
Then there exists a unique additive mapping H : X — Y such that
21 Sk :
7@ - ()| < L o] (1.13)
! {2’.{‘.} - 2k

forall x € X.
Proof. Assume that /: X — Y satisfies (4.12).

We replacing (:I.'l._, vy Loy yI! Sy y;.-, Ly reney 2;;) by (.’I;, ey Ly Ty, T, —Qk.’E, O, ceey O) in (412)’ we have

9% f(r) — f(2kz) % f(x) + f( - 2ke)|| < |25-|*'*HH.TUI'” (4.14)
¥
for all x € X. So
i wont R |2K] |1 3ka .
”,f(.a) Ei.f(;i) < r‘l (4.15)
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Hence we have

|2y (=)

| (2k)"

M M =
ot}
.
S
—
| nie]
==
. S
e,
|
5
—ty
_—
—
et
-
p— ~
b
|
o —

{i’ff}j
JEL |J~IJ m—1 (2;-]_1

:.”n.l Z ()A} 3hgj 6

_ilﬁl J=t

Akg .
r” ; (4.16)
nx

for all nongnegative m and [ with m > [, Vx € X. It follows from (4.16) that the sequence

(20" ()

{ {i;ﬂ'J“f{ﬁJ }

2k
sequence - - coverges.

So one can define the mapping H: X — Y by

H(z) = lim (2k) JII{W}

for all x € X. Moreover, letting / = 0 and passing the limit m — o in (4.16), we have (4.13). The rest of the Prooft is

similar to the Proof of the Theorem 4.1.

Theorem 4.4. Suppose q < p~with p = 3, 0 be non-negative real and f: X = Y be an odd mapping such that

PIFICHEDIFIHE Zf{:j)
.f_.._,._l Ty + Z s Yy T ZR_J ]

< (|12k
Y
& k 14.'
HH‘:r H”i;_l, -”:1 1 | HH {4.17)
=1 7=1
forall x;, y,zi€ X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that
: (2k)" |3k -
”" (z) - H(z)| < —'“H”;rh . (4.18)
¥ o 9k A X

for all x € X.
The rest of the Prooft is similar to the Proof of the Theorem 4.1.

5.Establishing solutions to functional inequality (1.2) related to the type of Cauchy additive functional equation

Now, we first study the solutions of (1.2). Note that for this inequality, X is a normed space with norm - X and that Y is
a Banach space with norm - Y . Under this setting, we can show that the mappings satisfying (1.2) is Cauchy additive.

These results are give in the following.

Theorem 5.1. Suppose q > 1, 0 be non-negative real and f: X — Y be an odd mapping such that

Z:;f{'ﬂ 1 gf(ﬂ:] I g{f{aj - in I im l Z:: %
o3 g;||¢b ZHﬂH 51
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forall x;, y,zi€ X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that

) - e, < Bl
forall x € X.

‘:.A_ J
The rest of the Prooft is similar to the Proof of the Theorem 4.1.

Theorem 5.2. Suppose q < 1, 0 be positive real numbers and f: X — Y be a mapping such that

Ei:f{m;}i :E:ny;]l Ei:f{%J (:E:‘:' E::“ :E::%

J=1 =1 Y
ra
-6 ji:”rj| 5.3)
J-:=
forallx;, y,z;€ X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that
)+ f(-= 2k + (2k)* | ||
‘|f{ i k! Hz)| < ~————£——1;3‘r . (5.4)
2k vy — 2k - {EE'II X

forall x € X.
The rest of the proof is similar to the proof of Theorem 4.1 and 4.2.

Theorem 5.3. Suppose g > p~' with p >3, 0 be non-negative real and f: X — Y be an odd mapping such that

ke k k k
> F) + Y F ) + Y F (=) (Z z; 4 Zw + Z )

i=1

<

Y

ol ¢ 1+HH

k

(1

g

—
o
.__I

e

forallx;, y,zi€ X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that

|#(x) - H(2)

2k)’ (3
el (56

| <

¥ {2.{‘}3#{
forallx € X.

Proof. Assume that /: X — Y satisfies (5.5).

We replacing (;1:1 iy s hysons Wil Bigorey .Z;._-) by (x, vy @y, —2kx, 0, 0) in (5.5), we have

% f(x) — f(2kz)

£|Ekr”ﬂkwrw (5.7)
X

Y
for all x € X. The rest of the Prooft is similar to the Proof of the Theorem 4.1 and 4.3.

Theorem 5.4. Suppose g < p~ ' with p >3, 0 be non-negative real and f: X — Y be an odd mapping such that

k : S Ry S o
g Zf U_; {Zf{;Jj zif(z_j=! 5 E_;:Ilf_] fZJ=! _])

= j=1

Y

Y

=1

*HH

f;_‘.

(5.8)
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forall x;, y,zi€ X forallj=1—n
. Then there exists a unique additive mapping H : X — Y such that

Jre - @), < -

YT ok — (2k)* i

B

1 i'u.'a} :
| (5.9)

x
for all x € X.
The rest of the Prooft is similar to the Proof of the Theorem 4.1 and 4 .4.

6. Establishing solutions to functional inequality (1.3) related to the type of Cauchy-Jensen additive functional equation
Now, we first study the solutions of (1.3). Note that for this inequality, X is a normed space with norm - X and that Y is

a Banach space with norm - Y . Under this setting, we can show that the mappings satisfying (1.3) is Cauchy-Jensen
additive. These results are give in the following.

Theorem 6.1. Suppose q > 1, 0 be non-negative real, f(0) =0 and f : X — Y be a mapping such that

k k b 7, o= B
o) + o) + LS| < '}ﬁf(“” __LZ = Z)

J=l1 j=l1

T
o Sl ol 3 e
(6.1)
forallxj,yj,zj € Xforallj=1— n. Then there exists a unique additive mapping H : X — Y such that
1 1|
|7 (2) - H ()|, < )a T ” (6.2)
forallx € X.
Proof. Assume that /: X — Y satisfies (6.1).
Wereplacing(wl‘""‘E‘“y1 » Yhs <1 ) 2kz,0...,0,0,...,0, a},O,...,O) in (6.1), we have
f(2kz) — 2k f(x) f(2kz) + 2%f(-2)| < ({m-}" +1) (6.3)
Y Y
for all x € X. So
1 T {QF..']“’ + 1 ¢
r) - 2kf(5-) a:___.‘J- 6.4
fe) =268\ 55) || = 117l 4
The rest of the proof is similar to the proof of Theorem 4.1.
Theorem 6.2. Suppose g < 1, 6 be positive real numbers and f: X — Y be a mapping such that
k k k Zk ; ke : k i
= L fizem j=1%5 + 251 Y )
Sof(a) + ) fw) + D f(=)|| < |2kf i FY 5|
i=1 =1 =1 vy | j=l 2%
j‘u
|2 g ;
oSl Sl 1) 9
j=1 ' i=

forall x;, y,zi€ X forallj=1—n

|f(=) — H (=)

2k + (2k)°
et LA L
v = 2k — (2k)°

i

) (6.6)

X

B
forallx € X.
The rest of the proof is similar to the proof of Theorem 4.1 and 4.2.
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5. CONCLUSION
In this paper I have given three general functional inequalities and I have shown that their solutions are determined on
normalized spaces and take values in Banach spaces.

REFERENCES

[1]
2]

S.M. ULam A collection of Mathematical problems, volume 8, Interscience Publishers. New York,1960.

Donald H. Hyers, On the stability of the functional equation, Proceedings of the National Academy of the United
States of America, 27(4)(1941),222.https://doi.org/10.1073/pnas.27.4.222,

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proceedings of the American
Mathematical Society, vol.72,n0.2,pp.297-300,1978.

Z. Gajda, On stability of additive mappings, International Journal of Mathematics and Mathematical Sciences,
vol.14,n0.3,pp.431-434,1991.

S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, River Edge, NJ, USA,
2002.

P. Ga'vrut, ”A generalization of the Hyers-Ulam-Rassias stability of approximately additive map- pings,”
Journal of Mathematical Analysis and Applications, vol.184,n0.3,pp.431-436,1994.

A. Gila'nyi, Eine zur Parallelogrammgleichung aquivalente Ungleichung, Aequationes Mathematicae,
vol.62,n0.3,pp.303-309,2001.

Th. M. Rassias and P. Semrl, On the behavior of mappings which do not satisfy Hyers-Ulam stability, Proceedings
of the American Mathematical Society, vol.114,n0.4,pp.989-993,1992.

D. H. Hyers, G. Isac, and Th. M. Rassias, Stability of Functional Equations in Several Variables, vol. 34 of
Progress in Nonlinear Differential Equations and Their Applications, Birkhauser Boston, Boston, Mass, USA,
1998.

J. M. Rassias, On approximation of approximately linear mappings by linear mappings, Journal of Functional
Analysis, vol.46,n0.1,pp.126-130,1982.

K.-W. Jun and Y.-H. Lee, A generalization of the Hyers-Ulam-Rassias stability of the pexiderized quadratic
equations, Journal of Mathematical Analysis and Applications, vol.297,n0.1,pp.7086, 2004.

S.-M. Jung, Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis, Hadronic Press,
Palm Harbor, Fla, USA, 2001.

C. Park, Homomorphisms between Poisson JC-algebras, Bulletin of the Brazilian Mathematical Society. New
Series, vol.36,n0.1,pp.79-97,2005.

C. Park, Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras to appear in Bulletin des
Sciences Mathematiques.

Th. M. Rassias, Problem 16; 2, Report of the 27th International Symp. on Functional Equations, Aequationes
Mathematicae, vol.39,pp.292-93;309,1990

J. Ratz, On inequalities associated with the Jordan-von Neumann functional equation, Aequationes Mathematicae,
v0l.66,n0.1-2,pp.191-200,2003.ChoonkilParketal. 13

A. Gila’nyi, On a problem by K. Nikodem,Mathematical Inequalities Applications, vol. 5, no. 4, pp. 707-710,
2002.

T.Aoki, On the stability of the linear transformation in Banach space, J. Math. Soc. Japan 2(1950), 64-66.
A.Bahyrycz, M. Piszczek, Hyers stability of the Jensen function equation, Acta Math. Hungar.,142 (2014),353-
365.

M.Balcerowski, On the functional equations related to a problem of z Boros and Z. Dro’czy, Acta Math.
Hungar.,138 (2013), 329-340.

W. Fechner, Stability of a functional inequlities associated with the Jordan-von Neumann functional equation,
Aequationes Math. 71 (2006), 149-161.

W. P and J. Schwaiger, A system of two inhomogeneous linear functional equations, Acta Math. Hungar 140
(2013), 377-406.

L.Maligranda. Tosio Aoki (1910-1989) in International symposium on Banach and function spaces:14/09/2006-
17/09/2006, pages 1-23. Yokohama Publishers, 2008.

A.Najati and G.Z. Eskandani.Stability of a mixed additive and cubic functional equation in quasi- Banach spaces.
J. Math. Anal. Appl.342(2):1318-1331, 2008.

Attila Gila'nyi, On a problem by K. Nikodem, Math. Inequal. Appl., 5 (2002), 707-710.

W Fechner, On some functional inequalities related to the logarithmic mean, Acta Math., Hungar., 128 (2010,)31-
45, 303-309.

Choonkil.Park. Additive S-functional inequalities, Journal of Nonlinear Science and Appl. 7(2014), 296-310.

LY VAN AN, Hyers-Ulam stability of functional inequalities with three variable in Banach spaces and Non-
Archemdean Banach spaces International Journal of Mathematical Analysis Vol.13, 2019, no. 11. 519-53014, 296-
310 . https://doi.org/10.12988/ijma.2019.9954.

Choonkil Park, Functional in equalities in Non-Archimedean normed spaces. Acta Mathematica Sinica, English
Series, 31 (3), (2015), 353-366 https://doi.org/10.1007/s10114-015-4278-5.

Jung Rye Lee, Choonkil* Park, and Dong Yun Shin Additive and quadratic functional in equalities in Non-
Archimedean normed spaces, International Journal of Mathematical Analysis, 8 (2014), 1233- 1247.

Volume-9 | Issue-1 | Jan, 2023

18



“ SSgEII\éATION EPH - International Journal of Mathematics and Statistics ISSN: 2208-2212

[31] Y.J.Cho? Choonkil Park?*, and R.Saadati®®* functional in equalities in Non-Archimedean normed spaces, Applied
Mathematics Letters 23(2010), 1238-1242.

[32] Y.Aribou*, S.Kabbaj Generalized functional in inequalities in Non-Archimedean normed spaces, Applied
Mathematics Letters 2, (2018) Pages: 61-66.

[33] LY VAN AN, Hyers-Ulam stability additive S-functional inequalities with three variable in Banach spaces and
Non-Archemdean Banach spaces International Journal of Mathematical Analysis Vol.14, 2020, no. 5-8. 519-
53014, 296-310 .https://doi.org/10.12988/ijma.2020.91169.

[34] LY VAN AN,Generalized Hyes-Ulam stability of the additive functional inequalities with 2n- varables in non—
Archimedean Banach space. Bulletin of mathematics and statistics research. Vol.9.Issue.3.2021 (July-Sept) Ky
publications .http//www.bomsr.comDOI:10.33329/bomsr.9.3. 67.

[35] , Qarawani, M.N. (2013), Hyers-Ulam-Rassias Stability for the Heat Equation, Applied Mathematics, Vol. 4 No. 7,
2013, pp. 1001-1008. doi:10.4236/am.2013.47137.

Volume-9 | Issue-1 | Jan, 2023 19





