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Abstract

In this work we prove uniqueness of renormalized solution for elliptic equations of the type
div (A(x,u)Vu) = f in a bounded set O c RM with Fourier boundary conditions. The novelty of our
results consists in the possibility to deal with cases when A(x; u) is only locally Hoélder continuous with
respect to u and the modulus of Lipschitz continuity is singular.

Key words and phrases: Nonlinear elliptic equations, uniqueness, Holder nonlinearities, renormalized
solutions, Fourier boundary conditions.

2010 Mathematics Subject Classifications. Primary 35J60; Secondary 35J56.
1. Introduction

The present paper is concerned with the uniqueness of the solution to the quasilinear elliptic
boundary-value problem on Q

—div(A(x,u)Vu) = f inQ

(1.1

A(x,u)Vu.n + Au = g on 0Q

where 7 is the unit outward normal vector on 9, is a smooth bounded open domain of
RV,N>1, f € L}(Q), g € L}(0Q), 1 >0 and A(x,s) is a Carathéodory function with matrix
values.

Classical questions as existence or uniqueness of solutions of (1.1) have to be handled with care.
Even the formulation itself of the problem, and the notion of solution

considered, deserves some attention, since weak solutions may not have sense. To this purpose,
the notion of renormalized solution or entropy solution, introduced in [3],[2] respectively, have
proved to be suitable, in particular to deal with the case of coefficients with unbounded growth
with respect to u.

When f belongs to L?(Q) the variational solution of (1.1) is unique under a global Lipschitz
condition on the function A(x, s) with respect to the variable s (or a global and

strong control of the modulus of continuity), see [1, 6] and for more general and nonlinear
operator [4, 7]. Moreover in [6, 7] the authors show that if A(x, s) is Holder continuous in s with
a Holder exponent greater of equal to 1/2 and if A(x,s) is Lipschitz continuous in x then the
solution is unique. For this last result the quasilinear character of the equation and the regularity
of A(x,s) in x are crucial. In the present paper we use the framework of renormalized solution
(see [8, 10]) which insures the existence of such a solution when f belongs to L*(Q).

Uniqueness results have been recently obtained in [9] in the framework of renormalized
solutions and in [5] in the framework of entropy solutions for equations (1.1). In [9], f lies to
L*(Q) and A(x,s) is locally Hélder continuous in s with a Holder exponent greater or equal to
1/2 and under a global control of the modulus of continuity of A(x, s) with respect to the space
variable x. In [5], f lies to L1 () n H~1(Q) and the dependence of A(x, s) with respect to s is not
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locally Lipschitz, but authors consider cases when the modulus of Lipschitz continuity is
singular.

In the present paper we mix the assumptions and the techniques developed in [5, 9, 11]. We state
in Theorem 3.2 that the renormalized solution of (1.1) is unique if A(x,s) is locally Holder
continuous in s with a Holder exponent greater or equal to 1/2 and under singularities on the
modulus of Lipschitz continuity. The main novelty between our and uniqueness results in [5] is
the very local condition on A(x,s) (see assumption (3.7) below). The price to pay to get rid of
this global behavior is to assume a regularity with respect to x. Moreover we consider Fourier
boundary condtions (see [11]) instead of Dirichlet boundary condtions used in [5].

The paper is organized as follows. In Section 2 we deal with existence and uniqueness of the
weak solution of (1.1). Section 3 is devoted to the proof of existence and uniqueness of the
renormalized solution of (1.1).

2. Existence and uniqueness of weak solution
We recall the definition of weak solution to problem (1.1).

Definition 2.1. A measurable function u defined from £ into R is called a weak solution of
L.2)if

u € HY(Q) n L?(0Q) such that f € L1(Q) n [H(Q)]*, g € L}*(0Q) n [H ()]
and

2.1)
updo = f fgodx+f gedo, Vo € H1(Q).
Q )

j A(x,u)VuVedx + 4
Q 1)

Theorem 2.2. Assume that A:02 X R — RV*N js a Carathéodory function with A(x,s) =

(aij (x, s)) and such that for every s, € Rand a.e. x € 2,
1<i,j<N

da > 0,38 > 0, a < A(x,s) < B, Vs € R a.e.x € (2; (2.2)

forany r € R and any 1 <i,j < N, the function a;;(.,r) belongs to W' () and there exists

M > 0 such that

da;:
|6le (x,r)| <M Z a;j(x,7),¥s ERVI<ij<N,aex€ (2:3)
k

1<0,j<N

1
|s —r|2
Ty ()20 + [Ty (r)|*—0

3H > 0,]|A(x,s) — A(x,r)| < H (2.4)

and
~<fO<1. (2.5)

Let f € L1(2) N [Hl(.(l)]*andg € L1(3) N [Hl(ﬂ)]*. Then problem (1.1) has a unique weak
solutionu € H1(2) n L*(aN).

Theorem 2.2 is clearly modeled on the simplest example of Holder nonlinearity, given

by

1
AQqgu) = a(x) + |ul® + [ul'/?, 5< 0<1. (2.6)
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A key point in the proof will be played by the following lemma, which explains condition
(2.5).

Lemma 2.3. (see Lemma 2.1 of [5])
Letu € H1() n L*(02) be a weak solution of (1.1). Then, for every 8 € E 1] we have

vu|? FI 1 oy Hllgll; 1
[ Vot @
{x:|u(x)|<1}

Proof. Define v, = [(e + |Ty(w) )29~ — €297 1]sign(w), £ > 0,and use v, as test function in
(2.1). We have

: VT (u)l? i - T W—
(26 — 1) / Alx, u)- l | dr + / ul(s + I;[u)|‘|"' L R |sign(u) do
AL J o

(£ + |Ty(u)|)2-20

< / fv.dr + / gue da,
JO JiAL

which implies, due to (2.2) and since |v.| < (|T; (WDt <1,

" \Vu " Sri .
a(20 —1) / — s dx < || £l ) + |9l a0)- (2.8)
’ (& + |ul)*2
{x:ju(x)i<1)

Letting ¢ go to zero, thanks to Fatou's Lemma we deduce (2.7). [ ]

Remark 2.4. The condition 8 € E 1] is optimal for Lemma 2.3 to hold. It is enough to consider

the case of the Laplace operator and f > 0 to observe that, in the best situation, we have
u~yd(x) as x - 810, where d(x) is the distance function to 002. This is just consequence of the
Hopf boundary lemma, stating in addition that |Vu| = y at 0. Therefore, we have, for some
6 > 0:

IV dr > / ]“—.” ; dr > ¢ : dr
. |u|2-2 2 _ uje—2 = G d(x)2-20

{x:lu(xr)|<1} {xr:d(x)<d) {z:d(x)<d)

and last integral is not finite for every 8 < %

We can now prove Theorem 2.2, whose proof follows the ideas of [6] in connection
with Lemma 2.3. The main tool is the following lemma which is a truncated version to
Theorem 4 in [6].

Lemma 2.5. Let u, v be two weak solutions of (1.1), we have then for any test function
@ €CcH()

/ (A(x.u)Vu — A(z,v)Vv) Veodr = 0. (2.9)

{u —‘| >0}

Proof. Let u, v be two weak solutions of (1.1). We have then, for any test function i € H1(2):
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/ (A(x, u)Vu — A(z.v)Vv).Virdr + A / (w—v)thdo = 0. (2.10)

J oL

Let ¢ € C1(Q) with ¢ > 0 on 2. We take in (2.10) ¢ = lT (u—v)te, £>0,and we get
/(l(l u)Vu — A(x,v)Vev).Ve T(I—l) (lz+,\/ (u — v)g IT(u—z)

= — / (:1(.1.4/)Vu—.4(.1.l Vf)V(u—:) 1*111+\/ (u—v)yp T(u—«P
{l)v’zu'—t <=}
1

Yl/l

= / (A(x,u) — A(z,v))Vu.V(u—v)*

(Hc:!ul—l'{_rl 1

— / A(z.v)(Vu — Vv).V(u —v)" —pdr
{0<|u—v]j<e} i

+,\/ (u—1wv)p lT(u—l) Tdo
J Kl

=A. +B.+C..

(2.11)
For the term B,, we use (2.2) to obtain
1 _
B. < —-a / IV(u —v)|"—pdx. (2.12)
{(l'.:'|u.—r]<'!} -
As far as the term A, is concerned, Young inequality and relation (2.4) yield
1 Vul* V(u—v)?
A, < Z / ( (z,u) — A(z.v )) i _“ gdr + % / M#‘l-"
{0< u‘—t'}c:‘!) {0< u.—l':cif}
H‘ |u — v]'/? |Vul? DL /' |[V{u—v)? -
"2 ) H@P+hE)f? e T 2 e 0 (213)
{0<ju~vj<e} {0<|u—vj<e}
H* |Vul? 0 / |V (u —v)?
< — e o dr + — ——pdr.
— 2a / [T1(11)|"”’Y”+2 . £ i
{0<|u~v|<e} {0<|u—v|<e)

From (2.12) and (2.13), we deduce that

H* |Vul?
A e < —_— - ssans (1) ,.-. 2 \
Sl 20 / |’]‘l(“)\2—:u"‘ ' (2.14)

Remark that
ﬂ{.r 10 < |u(x) —v(z)| <&} ={z:0 < |u(x) —v(zx)| <0} =0.
>0
The decreasing continuity of the measure implies that
meas{x:0 < |u(x) —v(x)| < e} — 0,ase — 0.
Moreover, since

|Vul? [Vul?
| Ty (u)]|2-20 — |ul?-

55 X{luj<1y + [Val?,
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from Lemma 2.3, the fact that u belongs to H1(2) and ¢ is regular, it follows that

||7u|2 1
W @ EL (.Q) Therefore, we have
1
, |Vul* ;
————dr = (). 2.1
ll}ﬁl’ / 11]{(111"""’ : \2:10)

{0<ju—vi<e}

For the term C, of (2.11), we have

lim €. = A / (w—v)" wdo > 0. (2.16)
r—{) Jax
Passing to the limit as e — 0 in (2.11) and taking account (2.10), (2.14)-(2.16), we deduce
/ (A(z, u)Vu — A(z.v)Vv).Veodr <. (2.17)
{(1**‘!',‘“}
Taking M — ¢ in place of ¢ in (2.17), with M a constant sufficiently large so that M — ¢ > 0,
gives
/ (A(x.u)Vu— A(z,v)Vv).Vedr > 0. (2.18)

{u—v>0}

At last (2.17) and (2.18) allow to conclude that (2.9) holds true. The proof of Lemma 2.5 is then
complete. =

With the help of Lemma 2.5 we now turn to Theorem 2.2.
Proof of Theorem 2.2. We use Lemma 2.5 with ¢(x) = exp(c X%, x;), where ¢ > 0.
Let us define

T
a;;(x,r) = f a; ;(x,s)ds.
0
Assumption (2.3) implies that both @; ;(x, u) and d; ;(x, v) belong to H'(2) and for r = u, v,

Oa; j(x.r) o T da; ;(x,s) .
= a; ( r.r) + _ ds. (2.19)
()J"l‘ ()I}K 0 (’.l'[_

Since ;7‘” = c@, using (2.19), we have
k

/ (A(z.u)Vu — A(z,v)Vv).Vida
{u—uv>0) .
/ ()u ilx.u) da; ;(r.v)
Z — - )‘;41.1'
rl:. dir;

\n v <I 5

Z ()H, ,[I \|

()l

{u—v (I(l S \

On the other hand, passing to the limit as e — 0 in (2.11) and taking account (2.10) and (2.16),
we deduce,

Al (wu—v)tepdo =0, Vo € C1(Q) with ¢ > 0.
29
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Then, we get (u — v)™ = 0 a.e. on a.2. In the sequel, let us define w = (u — v)™ which belongs
to L®(Q) N H3(Q) and is such that u = w + v almost everywhere on {u — v > 0}. Moreover,
a;;j(x,v+w)—ada,(x,v)liesin L*(Q) N H}(Q). So, a few computations and

the integration by parts formula give

/ (A(z, u)Vu — A(x,v)Vv).Veda

{u—v>0)
/ r0a; ; [) v+w) daij(z.v)
Z — )._.‘(,.l'
()l

li]\

)l, 5)
/Z/ i sl T
()I
/ Z (@ ,l:f——u)—u,(lr]) dx

\
'xzx\

da; ,fl s)
/ ¥ / ds
!}l

1<t j<N
Ja; j{x.s)
aii(x. 5) + == ) Is o dr.
/ / e+ 3 FIED ) dspo
1<, ‘v 1<i.3<N

Because ¢ = 0 in €, from assumptions (2.2) and (2.3), we obtain for ¢ sufficiently large
(¢ > 2N*M for example) that

/ (A(x, u)Vu — A(x,v)Vv).Veoda
fu—v>0}
. —Qc / / (2.20)

—kC "
< D) /. wdr ae. in £,
where w = (u — v)*.
Finally from (2.9), (2.20) and Fatou’s lemma, it follows that

dex <0,
Q
which leads to a contradiction unless w = 0.

The proof of Theorem 2.2 is complete. ]

3. Uniqueness of renormalized solution

In this section we generalize the example of the previous section, which is of course very special
to many regards, in particular A(x,s) was supposed to be singular at only one point. The
boundedness assumption on A(x,s) was also not essential but for considering standard weak
solutions. Here we assume that A(x, s) only satisfies

Ja > 0, Alx,s) = a, Vs €E R a.e.x €N 3.1

and that
VK > 0,3Cx > 0, supisjsx A(x,s) < Cy,a.e.x €2 (3.2)
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For any k > 0 we denote by T}, the truncation function at height k, T}, (s) = max(—k, min(k, s))
for any s € R and we define the continuous function h,, by

Ton(s) — Tu(s)
n

h(s) =1 . (3.3)

In order to deal with possibly unbounded function A(x, s), a generalized concept of
solution is needed. Following [8] (see also [10]) we recall the definition of a renormalized
solution of (1.1).

Definition 3.1. A measurable function u: 2 — R (u is finite almost everywhere in 2) is called a
renormalized solution of (1.1) if

Ti(u) € HY(Q) N LY(0Q) for any k > 0, (3.4)

if for any function h € W1 (R) with compact support and h(0) = 0, u satisfies the
equation

/ h(w)A(z, u)Vu - Vrdr + / W () A(x, w)Vu.Vu o dr

)

~.\/ uh(u) i do = /_/'/1(111/':1‘1‘+/ qh(u) ) da,
Jao Jao J oo

for all ¥ € L*(2) n H} () and

~ )

(3.5)

1 ;
lim — / Alz. u\Vu.NVudr = 0. (3.6)

n—+n

{n<|uj<2n)

Let us now generalize assumption (2.4). First of all, we set for any K > 0

A(x,s) — A(x, 1) ; :
We k() j:alll){ \z, 5) o Ax,r)ie<|s=r|<2:, |s| <K, |[r| <K, € S.’}A

|s — r[1/2

Note that, thanks to assumption (3.2), w, x(s) is a locally bounded function. We assume
that w, x (s) satisfies

Jox € LYR) + L=(R), we i (8)° < wg(s) Vs € R with [s| < K, Ve <z, (3.7)

for some g, > 0.
Our main result is the following.

Theorem 3.2. Assume (2.3), (3.1)-(3.2) and (3.7) hold. Let f € L*(2) and g € L*(002). Then, the
renormalized solution of (1.1) is unique.

To prove Theorem 3.2 we mix the methods developed by Chipot and Carrillo in [6] and
Guibé in [9]. The main tool is the following lemma.
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Lemma 3.3. For any ¢ belonging to ¢*(Q)

lim / (hp(u)A(r. u)Vu — h,(v)A(r, v)Ve).Vedr = 0. (3.8)

Nn—++0C

{u —'|":>|i)

Proof. Let ¢ belonging to C1(Q) with ¢ > 0 on 2 and let n be a positive integer. We consider
for € < g, the test function W, = ing(u — v)*¢ which belongs to L*(2) N H3 () due to (3.4)

and the regularity of ¢.
Choosing h = h,, in (3.5) written in u yields

/ h(u)A(z. u)Vu. VW, dr + / b (u)A(z, u)Vu.VuW, dz

. (3.9)
+,\/ uhy(u)W.da = /fh,,|u)”'_, dr + / g hy(u) W, dea
Joo Jo Jon

which can be rewritten as

Toc(u—wv)* (u — v)*
/ ho(u)A(zx. u )TH.V;# dr + / ha(u)A(x. u)Vu‘V(u) odr

{0<u—n<2e}

- / R (u)A(x. u]V'u.VuT"!(”—_”,:l!J' + A / uh,(u) W, do
Ja £ J o

— /h,.(uylfﬂ',(l.r*/ g hy(u) W, da,

Subtracting the equivalent equality written in v gives

Il Toc(u —v)™*
/ (hn(u)A(x, u)Vu — hy,(v)A(r, 4')Vz‘).V;M dr

- / (h,,(u]A(.r.u)\_u - h,,[:‘}.‘l(.r.(')V:‘).V(u—);dr

{0<u—v<2e}

; To (4 — v)
- / (A (u)A(x, u)Vu.Vu — III“(l‘).-l(.I'.l']Vl',VJ')”-_;[-"'L— v) -pdx

+A / (hp(u)u — hy(v)v) W, dx

= / (h,(u) — hy(v)) fW, dx + / (A, (1) — h,(v))gW, dx.
J v

which reads as
An,s + Bn,g + Cn”E + Dn,g = En”g + Fn,g. (3.10)

Observe that, since f € L1(2) and g € L1(902) the fact that |W,| < 2¢ uniformly with respect to &,
the regularity of ¢ and since h, - 1 in L weak—" and almost everywhere in 2 as n goes to
infinity, the Lebesgue dominated convergence theorem implies that
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4
limsup lim |D,.|=2[ (u—v)"p >0,

e—() N—+oo J o

¢ limsup lim |E,.| =0, (3.11)

e—3() N0

limsup lim |F, .| =0.

\ () n—-+40C

We split B,, . into

Bn,s = Brll,s + Br%,s + Br%,sr

with
e = / hn () A, ) (Ve — V:').v((" —L)pds
{”‘f_ll;l'<2:} £
Bre = / ha(u)(A(z,u) Az, l‘))Vt'.v('(”_—_F)')Pll.l'

{0<u—v<2e)

by A
B}, — / (ha() = ha(0)) Az, 0) V0.9 (=) o,

{0<u—v<2e)

Using (3.1) we get

1 >
B,],_! > a / hn(u)=|V(u —v)["pdx. (3.13)

{0<u—v<2e}

Young inequality and relation (3.7) yield

2 2 ‘)1
-B,, < / |A(x, u) — A(z, v)|"|Ve|"-pdr

{(l«:‘ulw.’_'_’!}
it / h,,(u)%iV(u —v)*pdx

2

{0<u—uv<2e)

|
2a

< i / J,'1\~(¢1)|Vl'|2;d.r - % / h,,(u)E]V(u - t')l"’,:([.r.
x ; 3

{ll(‘ull'c:"zz} {ll<‘u:|'<2£)

Combining (3.13) and (3.14), we get
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Brll.f il Bl-:i :—> % / h,,(”)—![v*“ - ")?qudf
-{II«‘, qu-:"_'{} i
1 i 7.2
== . wi (u)|Vo|~pdz (3.15)
) {O<u—v<2e}
> —— / w'1\'(11')|V1'|2;¢1.r.
8]

lucz'u.—v«:"_':}

As v belongs to H1(2),p € C1(Q) and @g € L*(R) + L*(R), it follows that @, (w)|Vv|?¢@ € L' ({2).
Therefore, passing to the limit as € — 0 in (3.15) yields
liminf (B), + B2,) > 0. (3.16)

n,

e—l)

As far as B3 . is concerned, we have

7"11 ; _TI' ' T’u _Tu |
|hn(un) — hn(v)] = I‘- (o) =Anlml |iLanith)—< [“)II

n J n

S ’rzu(“) - T_‘n(”) + Il(“’ = Tn(l')\

n

2
—|u — v|.
n

IA

Therefore,

B3 < 1_ / |h,,(u) — h,..(c')HA{.r. v)Ve.V((u— c')*).;' dx

{0<u—~v<2e}

2
< ;_ / lu — I‘Il.“(.l'. l‘)VI'.V((u —v)7 );| dx (3.17)

{0< n:-!'».."_'!}

As v belongs to H1(2), (u —v)* € H} (), ¢ € C1(Q) and taking account (3.2), it follows that
AQx, v)Vu.V((u—v)He € L1 ().

So, passing to the limitas e — 0 in (3.17) yields

liminf B} , = 0. (3.18)

z—()
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Therefore, combining (3.16) and (3.18), we can pass to the limit in (3.12) as ¢ tends to 0, and
then as n tends to +oo to get

lim liminf B, . = 0. (3.19)
) {)

n—+o00 £

Now, we deal with the term C,, . of (3.10).
Due to the fact that |h',,(s)| < % T,. < 2eand supp h',, = [-2n,—n] U [n, 2n], we have

u—uv)

; T
' / /11_{ u)Alx. :/,IVH.VU"(—,_WIJ"

(S

/ Alz. ) VuVudr.

Therefore, condition (3.6) allows us to obtain

lim limsup |C, .| = 0. (3.20)
Nn—+0C r—()

With arguments already used we know that

!iu‘n Az = / (hp(u)A(z, u)Vu — h,(v)A(z. v)Vv) Ve de. (3.21)
From equality (3.10) together with (3.11), (3.19)-(3.20), it follows that
lim sup / (hn(u)A(x, u)Vu — h,(v)A(z,v)Vv) . Veodr <0, (3.22)

{u—v>0}

Taking M — ¢ in place of ¢ in (3.22), with M sufficiently large so that M — ¢ > 0, gives

lim inf / (An(u)A(x, u)Vu — hy(v)A(x.v)Ve).Vedr > 0. (3.23)

{u—v>0}

At last (3.22) and (3.23) allow to conclude that (3.8) holds true. The proof of Lemma 3.3 is
complete. -

With the help of Lemma 3.3 we now prove Theorem 3.2 by proceding as in [9].
Proof of Theorem 3.2. We use Lemma 3.3 with ¢(x) = exp(c X, x;), where ¢ > 0. Since
h,(s) =0,V |s| = 2n, we have

hulv u)A(xr, ”]T”\,‘mw >0} = hn(T_’n( u)) Az, T.’J.-( ”])‘—Yj.'u(”‘rl\{r_-..uu!VI'_-'.‘M'-H]

almost everywhere in £2. To shorten the notations we denote by u?" the field T,,,(v) and by v2"
the field T,,, (v). It follows that (3.8) can be rewritten as
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lim / (h, (™) A(z, " )Vu™ — h,(0*) Az, *") V). Vedz = 0. (3.24)

{u? . >0}
Let us define

l-l:l‘j(.l'. r) = / a; iz, s)h,(s)ds.
Jo

Due to the regularity (3.4) of Tj(u) and Ty (v), assumption (2.3) implies that both d}fj(x,uzn)
and a;';(x,v*") belong to H*(2) and for r = u®", v,

4):1” HER )

or g da; ;(x,s)
= hu(r)aij(z.r)— + / hn(s) bl Rl ds. (3.25)
()u ; . 0 dry

Since %” = c@, using (3.25), we have
k

/ (h”( ”'.'n ]."—1(./'. ‘I‘Jl: )Y’”'_‘n == h”< ,,’..‘n )‘1(1 ,,'_’n .)VI':”).VY: lfl

{u2 —u2n>0)
}: ()(I, ,I: u") B ")”i.).(-’."'—“ ) ).,_nl.r
dr,

1<1, <N

/ Z / hn \' ()”:)(, N) 1 o

1<i1g<N*

{u2n—p2n >0}

=" >0}
Let us define wy,, = (u?™ — v?™)* which belongs to L*(2) n H}(2) and is such that
u*™ = wy, + v** almost everywhere on {u®" —v®" >0}. Since ap;(x, wy, +v?") —
dgj(x,vzn) lies in L®(2) n H}(2), a few computations and the integration by parts formula
give
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/ (,I,,( ”.'n }“' “‘_’u )V’l’_'ll o If,,( {,_-'u ’“’ 52 )V'l‘ln).v; dr

{u2e _y2n >0}

Dal (x, v*" + way Da’ . (x. v™"
/ Z (( il : 2n) _t(,J‘V ));(“
LLiTEN dx; dx;
/ Z / h,, S ‘)”l ,(’ 5) ds
dr,

1<t )<N *

/ Z / hn ()”‘ J( i ds
dir;

1<ig<N*
o da; j(r,s) A
—-r'./“ /'- h,.[.\)(f' l";.\'il,,(‘r. s)+ ILZJ;-\. (I)—',) ds odr.

Because ¢ = 0 in €, from assumptions (2.3) and (3.1), we obtain for ¢ sufficiently large
(c > 2N?M for example) that
/ (hp (™) A(z, 6™ )Vu™" = ha(v*")A(z, v*" )\"l-'-"').v; dx

(i _Sa50] (3.26)

—Oc
< // h,. s)ds o dr.

Since u and v are finite almost everywhere in h,, while converges to 1 almost everywhere in R
and is bounded by 1 we obtain

v 4wy, v+u
lim / ha(s)ds = / ds = w almost everywhere in (2, (3.27)
i

Nn—s+40C 20

where w = (u — v)*.
Finally from (3.24), (3.26), (3.27) and Fatou's lemma, it follows that

wdx <0,
Q
which leads to a contradiction unless w = 0.

The proof of Theorem 3.2 is complete. [
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