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CUBIC WEAK BI-IDEALS OF I'"NEAR-RINGS

V. CHINNADURAI, A. SWAMINATHAN, AND K. BHARATHIVELAN

ABSTRACT. In this paper, we introduced the new notion of cubic weak bi-
ideals of I'-near-rings, which is the generalized concept of cubic weak bi-ideals
of near-rings. We also investigated some of its properties with examples.

1. INTRODUCTION

Zadeh [21] initiated the concept of fuzzy sets in 1965. Near-ring theory was
introduced by Pilz [14]. Gamma-near-ring was introduced by Satyanarayana [15]
in 1984. The concept of bi-ideals was applied to near rings and Gamma-near-rings
[17, 18]. Kim et al.[6] defined the concept of fuzzy R-subgroups of near-rings. The
idea of fuzzy ideals of near-rings was first proposed by Kim et al.[5]. Moreover,
Manikantan [7] introduced the notion of fuzzy bi-ideals of near-rings and discussed
some of its properties. Yong Uk Cho et al.[20] introduced the concept of weak bi-
ideals applied to near-rings. Chinnadurai et al.[4] introduced fuzzy weak bi-ideals
of near-rings. Thillaigovindan et al.[19] introduced interval valued fuzzy ideals of
near rings. Jun et al.[10] introduced the concept of cubic subgroups. This structure
encompasses interval-valued fuzzy set and fuzzy set. Also Jun et al.[12] introduced
the notion of cubic ideals of semigroups. Chinnadurai et al.[3] introduced the
notion of cubic weak bi-ideals of near-rings. In this paper, we defined a new notion
of cubic weak bi-ideals of I'-near-rings, we also discussed some of its properties with
examples.

2. PRELIMINARIES

In this section, we listed some basic definitions related to cubic weak bi-ideals of
I-near-rings. Throughout this paper R denotes a left I'-near-ring.

Definition 2.1. [1] A near-ring is an algebraic system (R, +, -) consisting of a non-
empty set R together with two binary operations called + and - such that (R, +) is
a group not necessarily abelian and (R, -) is a semigroup connected by the following
distributive law: x-(y + 2) = -y + z - 2 valid for all x,y, 2 € R. We use the word
‘near-ring’ to means ’left near-ring’. We denote zy insted of z-y. An ideal I of a
near-ring R is a subset of R such that (i) (I,4) is a normal subgroup of (R,+) (ii)
RI C I (iii) (x+a)y—axy € I for any a € I and z,y € R. A R-subgroup H of
a near-ring R is the subset of R such that (i) (H,+) is a subgroup of (R, +) (ii)
RH C H (iii) HR C H.

Note that H is a left R-subgroup of R if H satisfies (i) and (ii) and a right
R-subgroup of R if H satisfies (i) and (iii).

Key words and phrases. Near-rings, I'-near-rings, weak bi-ideals, fuzzy weak bi-ideals, cubic
weak bi-ideals, homomorphisam of cubic weak bi-ideals.
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Definition 2.2. [7] Let R be a near-ring. Given two subsets A and B of R, we
define the following products AB = {ab | a € A,b € B} and AxB = {(a’+b)a—d'a |
a,a’ € A,b € B}.

Definition 2.3. [17] A subgroup B of (R, +) is said to be bi-ideal of R if BRB N
BxRB C B.

Definition 2.4. [20] A subgroup B of (R,+) is said to be weak bi-ideal of R if
BBB C B.

Definition 2.5. [16] Let (M, +) be a group and I'-be a non-empty set. Then M is
said to be I-near-ring, if there exists a mapping M x I' x M — M (The image of
(z,,y) is denoted by xzay) satisfying the following conditions

1. (x + y)az = zaz + yaz,

2. (zay)Pz = za(ypBz) for all z,y,z € M and o, 5 €T

Definition 2.6. [16] Let M be a I'-near-ring. A normal subgroup (I, +) of (M, +)
is called
1. aleft ideal if za(y + i) — xay € 1,
2. aright ideal if iax € [ for all x,y € M,a € T';i € I,
3. an ideal if it is both a left ideal and a right ideal of M.
A T'—near-ring M is said to be zero-symmetric if ac0 = 0 for all a € M,
a € I', where 0 is the additive identity in M.

Definition 2.7. [18] A subgroup B of (M,+) is a bi-ideal iff BTMTB C B.

Definition 2.8. [15] Let M be a I'-near-ring. Given two subsets A and B of
M, we define the following products ATB = {aab | a € A,b € B and a € T'}
and also define another operation on * on the class of subset M is defined by
AT xB={(d +b)ya—d'ya|a,a € A,be Bandy €T }.

Definition 2.9. [2] A fuzzy subset p of a set X is a function p: X — [0, 1].

Definition 2.10. [2] Let p and X be any two fuzzy subsets of R. Then p is fuzzy
subset of R defined by

sup min{u(y),A\(z)} ifz=yzforall z,y,z€ R
(1)) = { w=ve

0 otherwise

Definition 2.11. [7] A fuzzy subgroup u of (R, +) is said to be fuzzy bi-ideal of
Rif uRunuxRu C

Definition 2.12. [1] Let R be a near-ring and p be a fuzzy subset of R. We say
is a fuzzy subnear-ring of R if

L p(z —y) > min{u(z), p(y)}
2. p(zy) > min{p(z), p(y)} for all z,y € R.

Definition 2.13. [1] Let R be a near-ring and p be a fuzzy subset of R. Then p
is called a fuzzy ideal of R, if
1 M(fﬂ— y) = min{pu(z), p(y)}

py +z—y) > p(r)

u(zy) = p(y)

p((z+ 2)y — xy) > pu(z) for all z,y € R.

A fuzzy subset with (1) to (3) is called a fuzzy left ideal of R, whereas a fuzzy

subset with (1),(2) and (4) are called a fuzzy right ideal of R.
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Definition 2.14. [1] A fuzzy subset u of a near-ring R is called a fuzzy R-subgroup
of R if

1. u is a fuzzy subgroup of (R, +)

2. p(zy) = p(y)

3. p(zy) > p(zx) for all z,y € R.

A fuzzy subset with (1) and (2) is called a fuzzy left R-subgroup of R, whereas a
fuzzy subset with (1) and (3) is called a fuzzy right R-subgroup of R.

Definition 2.15. [4] A fuzzy subgroup u of R is called fuzzy weak bi-ideal of R, if

p(zyz) = min{p(z), p(y), n(z)}

Definition 2.16. [2] Let X be a non-empty set. A mapping 7 : X — D[0,1] is
called an interval-valued (in short i-v) fuzzy subset of X, if for all x € X, fi(z) =
[ (z), u™ (x)], where p~ and p* are fuzzy subsets of X such that u~(x) < u™ ().
Thus fi(x) is an interval (a closed subset of [0,1]) and not a number from the interval
[0,1] as in the case of fuzzy set.

Definition 2.17. [3] A cubic set A = (I, w) of R is called cubic subgroup of R, if
L 7i(z — y) = min{z(z), a(y) }

2. w(z —y) < max{w(z),w(y)} Yz,y € R.

Definition 2.18. [3] A cubic subgroup A = (fi,w) of R is called cubic weak bi-ideal
of R, if

L. fi(wyz) > min{7(x), f(y), 7(=)}

2. w(zyz) < max{w(e), w(y), w(z)} Yo,y 2 € R

Definition 2.19. [3] Let A; be cubic weak bi-ideals of near-rings R;

for i = 1,2,3,...,n. Then the cubic direct product of A;(i = 1,2,...,n) is a
function fiy X fig X +++ X [ip : Ry X Ry X -+ X R, — D[0,1],

W1 Xwy X o+ X Wy Ry X Ry X -+ X Ry, — [0,1] defined by

(ﬂl X ﬁg Xooee X ﬂn)(ﬂ?l,(EQ, o 7xn) = min{ﬂl(x1)7ﬂ2(‘r2)a v 7ﬂn(xn)} and

(w1 X wa X+ X wy) (X1, T2, ..., 2,) = max{wi (1), w2(T2), ..., wn(xs)}.

Definition 2.20. [3] Let A; = (i1, w1) and A2 = (fi2, w2) be any two cubic subsets
of R. Then A; A, is cubic subsets of R defined by:
sup min{7, (y),f(2)} if x =yz for all x,y,2 € R
(1p2)(x) = *=v=
[0,0] otherwise
(A1 4z)(z) =
inf max{wi(y),ws2(2)} ifx=yzforalzyz€R

(wWiws)(z) = { o

1 otherwise

Definition 2.21. [9] Let f be a mapping from a set X to Y and A = (7, \) be a
cubic set of X then the image of X (i.e.,) Cr(A4) = (Cy(7), Cr(N)) is a cubic set of

Y defined by
] sup 7(e) it /7 y) £ 0
Cri)(y) = { fm= |
[0, 0] otherwise
Cr(A)y) =

inf Mz) if 71 0
0f<A><y>={ it Me) 57 )

1 otherwise
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and let f be a mapping from a set X to Y and A = (7, A) is a cubic set of Y, then
the pre image of Y (ie.,) C;7'(A) = (C;~'(),Cr " (N)) is a cubic set of X is
defined by

Cr (A)(x) =

3. CUBIC WEAK BI-IDEALS OF I'-NEAR-RINGS

In this section, we introduced the new notion of cubic weak bi-ideals of I'-near-
rings and discuss some of its properties.

Definition 3.1. A cubic set A = (7, w) of I'-near-ring R is called cubic subgroup
of R, if

(i) 7(x —y) > min{7(z),7(y)}

(i) w(z —y) < max{w(z),w(y)} Vz,y € R.
Definition 3.2. A cubic subgroup A = (fi,w) of a I'-near-ring R is called cubic
weak bi-ideal of I'-near-ring R, if

(i) M(zaypz) = min{7(x),7(y), 7(2)}

(i) w(rayfz) < max{w(z),w(y),w(z)} Vz,y,z € R and o, 8 € I

Example 3.3. Let R = {a,b,c,d} be a non-empty set with binary operation +
and T’ = {a, §} be a non-empty set of binary operations as shown in the following

tables:
+lal|b|c|d alalb|c|d Bla|lb|c|d
alal|lb|lc|d alalalala alalalala
b|lbla|d|c b|b|b|b|b blala|al|a
c|cld|la|b clalalc|c cla|b|d|c
d|d|c|b]|a d{b|b|d|d d|{b|b|c|d

Clearly (i) (R,+) is a group (ii) za(y + z) = zay + vaz (iii) (roy)Bz = va(ybz)
for every z,y,z € R and o, € I'. Then R is a I'-near-ring,.
Define a cubic set A = (7, w) in R as follows:

N| 7(z) |w(@)
a | [0.8.0.9]] 0.2
b | [0.6,0.7] | 0.4
¢ 02,03 | 06
d|[0.2,03]| 0.8

Hence, A = (7j,w) is a cubic weak bi-ideal of T-near-ring R.

Definition 3.4. Let Ay = (7j;,w1) and Az = (75, w2) be any two cubic subsets of
R. Then A; As is a cubic subsets of R defined by:

sup min{7, (y),7,(2)} for all z,y,2 € Rand a €T
(M72) () = § #=ves
[0,0] otherwise
(A1 42)(x) =
inf max{w;(y),w2(2)} forallz,y,z€ RandaeT
(wiwg)(z) = § 7

1 otherwise
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Theorem 3.5. Let A = (7j,w) be a cubic subgroup of T'-near-ring R. Then
A = (7,w) is a cubic weak bi-ideal of T-near-ring R < AAALC A.
(e, TTNCT and w w w D w)

Proof. Assume that A = (7], w) is a cubic weak bi-ideal of I'-near-ring R.
Let z,y,2,p,q € R and o, 8 € T', such that * = yaz and y = pBq. Then

@ m)(z) = sup {min{(77)(y),7(2)}}

T=yoz

= S {min {yil)%q min{7(p),7(q)},7(2) }}
= sup sup {min{min{7(p),7(q)},7(2)}}

r=yaz y=pfq

= sup {min{7(p),7(q),7(2)}}

z=pPqaz

< sup  7(pBgaz)
r=pBqaz

=7(x)
If x can not be expressed as x = yaz then (77 7)(z) = 0 < 7(z).
In both cases 7777 C 7.
(www)(r) = inf {max{(ww)(y),w(2)}}

_ jnf {max{ int maxut)w@) o) ||

= inf inf {max{max{w(p),w(q)},w(2)}}

r=yaz y=pfq

= inf {max{w(p),w(q),w(2)}}

r=pBqaz

> inf w(pBgaz)
r=pfqaz

= w(z)
If « can not be expressed as x = yaz then (w w w)(z) =1 > w(z).
In both cases w w w 2 w.
Hence AAAC A.
Conversly, assume that AAA C A holds. To prove that A = (7,w) is a cubic
weak bi-ideal of I'-near-ring R.
For any z,y,z,a € R and «, a1, 3, 51 such that a« = xayfz then

N(zayfz) =1(a) = (77 7)(a)
= sup min{(77 77)(b), 7(c)}

a=bayc
= sup {min{ sup min{??(p)m(q)}ﬂ?(C)}}
a=ba;c b=pp1q
= az;ﬁullzw{min{ﬁ(p), n(a)},7(e)}}
N(zaypz) = min{7(z), 7(y), 7(2)}
w(zaypz) = w(a) < (ww w)(a)
= il max{(w) (0),(0)}
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= inf {max{ inf max{w(p),w(q)},w(c)}}

a=ba;c b=ppB1q
= inf {max{w(p),w(q),w(c)}}
a=ppBigaic

w(zayBz) < max{w(z),w(y), w(z)}
Hence A = (7], w) is a cubic weak bi-ideal of I'-near-ring R. O

Theorem 3.6. Let A; and As be two cubic weak bi-ideals of T'-near-ring R then
the product A1 As is a cubic weak bi-ideal of T'-near-ring R.

Proof. Let A1 = (Tj;,w1) and As = (7],,ws) be two cubic weak bi-deals of I'-near-
ring R.
Since 77; and 7, are interval-valued fuzzy weak bi-ideals of I-near-ring R then

(MM2)(z —y) = sup min{7,(p),M2(q)}

z—y=paq

> sup min{7; (p1 — p2), M2(q1 — ¢2)}
z—y=p101q1—P202q2<(p1—p2)(q1—g2)
2(q2)}}

= sup min{min{7, (p1), 7 (p2) }, min{7,(q1),
2(q2)}

= sup min{min{7, (p1), 75(¢q1) }, min{7, (p2),
min{ sup min{m(pl),nz(ql)}, sup min{?h(PQ)ﬂ?z(Qz)}}

T=p1Qx1q1 Y=p20&2q2

3 3

= min{(7,72) (%), (11772) (y) }
It follows that (7,75) is an interval-valued fuzzy subgroup of I'-near-ring R. Further
(M17271)72
(M2M2772)72
(T27272)
(M172)
Therefore (7,7,) is an interval-valued fuzzy weak bi-ideals of I'-near-ring R.
Since wy,wo are fuzzy weak bi-ideals of I'-near-ring R, then

(M72) (M172) (M1 72) = 7172
ST
cm
c

(wiwa)(z —y) = mﬂijfifmq max{w: (p), wa2(q)}

< inf max{wi (p1 — p2),wa(q1 — q2)}
r—y=pra1q1 —p22q2<(p1—p2)(q1—4q2)

< inf max{max{w1 (p1), w1 (p2)}, max{wa(q1), w2(q2) } }
= inf max{max{w1 (p1),w2(q1)}, max{wi (p2), w2(q2) }

:maX{ inf max{wl(m)awz((h)}? inf maX{wl(Pz)»wz(%)}}

z=pro1q1 Y=p202q>
= max{(w1w2)(z), (wiw2)(y)}
It follows that (wiws) is a fuzzy subgroup of I'-near-ring R. Further
(wrw2) (wiws) (Wiws) = wiws (Wiwawr )wa
2 wiwa (wWawaws )wa
2 wi (wawaws)

2 (wiwa)
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Thus, (wiw2) is a fuzzy weak bi-ideals of I-near-ring R.
Hence, A1 A2 = {((7;73), (wiw2)) is a cubic weak bi-ideal of I'-near-ring R. O

Remark 3.7. Let A; and A5 be two cubic weak bi-ideals of I'-near-ring R then the
product A A; is also a cubic weak bi-ideal of I'-near-ring R.

Theorem 3.8. Let A = (7], w) be a cubic weak bi-ideal of I'-near-ring R, then the set
Ra={zx e R|A(x)=A0)} (i.e., Ra={x € R|7(x) =7(0) and w(z) =w(0)})
is a weak bi-ideal of I'-near-ring R.

Proof. Let A = (7j,w) be a cubic weak bi-ideal of R. Let x,y € Ra.

Then A(z) = A(0) and A(y) = A(0). (i.e.,) H(x) =7(0),w(z) = w(0) and

7(y) =7(0),w(y) = w(0). Since 7 is an interval-valued fuzzy weak bi-ideal of
I-near-ring R. We have 7j(z) = 7j(0) and 7j(y) = 7(0). Then

7(z —y) > min{7(x),7(y)} = min{7(0),7(0)} = 7(0) and w is a fuzzy weak bi-ideal
of I'-near-ring R, we have w(zr) = w(0) and w(y) = w(0) then

w(z —y) < max{w(z),w(y)} = max{w(0),w(0)} = w(0). Thus z —y € R4

For every z,y,z € Ry and o, € T. Then A(z) = A(0), A(y) = A(0) and
A(z) = A(0). Since 7 is an interval-valued fuzzy weak bi-ideal of I'-near-ring R, we
have 7(z) = 7(0), 7(y) = 7(0) and 7(z) = 7(0) then

H(zayfz) > min{7(z),1(y),7()} = min{n(0),7(0),7(0)} = 7(0) and

w is a fuzzy weak bi-ideal of Inear-ring R, we have w(x) = w(0),w(y) = w(0),
w(z) =w(0) and w(zayfz) < max{w(x),w(y),w(z)} = max{w(0),w(0),w(0)}

= w(0). Thus zayBz € Ra.

Hence R, is a weak bi-ideal of I'-near-ring R. O

Theorem 3.9. Let {A;}ica = (;,wi : i € Q) be a family of cubic weak bi-ideals
-near-ring R, then (| A; = < N7, U wi> is also a family of cubic weak bi-ideal

1€Q i€Q i€Q
I'-near-ring R, where Q is any indez set.

Proof. Let {A;}icq = (7;,w; : i € Q) be a family of cubic weak bi-ideals of I'-near-

ring R.
Let ,y,2 € R, a,f € T and ) 7;(z) = (inf 7;)(z) = inf 7;(x),
e i€Q i€Q
U wi(x) = (supw;)(z) = supw;(x)
ieQ i€Q i€Q
Since 7; is a family of interval-valued fuzzy weak bi-ideals of I'-near-ring R,
we have

ZDQ@(% —y) = inf (v —y)
> i mni{n. mn.
= inf min{7; (), 7;(y)}
= min {llggf2 7;(z), zlgsfl ;i (y)}

= min { () 7:(x), ) m—(y)}

1€Q i€Q
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and w; is a family of fuzzy weak bi-ideals of I'-near-ring R. We have
| wile —y) = supwi(z —y)
e ieQ
< sup max{w;(z),w;(y)}
ieQ

= max {sup w;(x),sup wi(y)}

i€Q ieQ
= max { U w;(x), U wl(y)}
= i€Q

Thus, () A4; is a cubic subgroup of I'-near-ring R.
i€Q
Again,
() 7u(raysz) = inf 7, (zay52)
i€Q !
> inf min{7(2), 7:(1). 7,(2))

= min {}&fu (), inf 7:(y), inf 7:(2) }

= min { ﬂ 7,;(x), ﬂ :(Y), n 771(2)}
1€Q 1€Q 1€Q)
U wi(zayBz) = supwi(xayﬁz)
ieQ i€Q
< sup max{w;(x),w;(y),w;(z)}
1€Q

= o {sup (o) supes (o), sup <)

e i€Q i€Q
= max { U w;(x), U wi(y), U Wz(z)}
icQ i€Q i€Q

Hence, (] A; = < N7, U wi> is a family of cubic weak bi-ideal of I-near-ring
i€Q i€ i€Q
R. O

Theorem 3.10. Let H be a non empty subset of I'-near-ring R and A = (,w) be
a cubic subset of I'-near-ring R defined by

v Ip1spe] HzxeH
n(x)_{ [qll,qj]

Al2) otherwise
T
() = 1—p ifre H
W= 1 - q otherwise

for all x € R,[p1,p2],[q1,92] € D[0,1] and p,q € [0,1] with [p1, p2]>[a1, g2}, p>q.
Then H is a weak bi-ideal of T-near-ring R & A = (j,w) is a cubic weak bi-ideal
of I'-near-ring R.

Proof. Assume that H is a weak bi-ideal of I'-near-ring R. Let x,y € H we consider
four cases:
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reHandye H
)rzeHandy ¢ H
)z ¢ Handye H
)rx¢ Handy ¢ H

Case (i) If z € H and y € H. Then 7(z) = [p1,p2] =7(y) and w(z) =1—p
= w(y). Since H is a weak bi-deal I'-near-ring R, then x — y € R. Thus
N(x —y) = [p1, p2] = min{[p1, p2], [p1, p2]} = min{7n(x),7(y)} and
w(z —y) =1-p=max{l—p,1 - p} = max{w(z),w(y)}.

Case (ii) If x € H and y ¢ H. Then 7j(z) = [p1, p2),T(y) = [q1, ¢2] and
w(z) = 1-p,w(y) = 1—q. Clearly, n(z—y) > min{7(z), N(y)} = min{[p1, p2]. [01, ¢=]}
= [q1, ¢2] and w(z — y) < max{w(z),w(y)} = max{l —p,1 — ¢} =1—gq.
Now, 7(z — y) = [p1,p2] or [q1,¢2] according as v —y € H or x —y ¢ H. By
assumption that [p1, pa] > [g1,g2] and p > ¢, we have 7(z — y) > min{n(z),7(y)}
and w(z —y) < max{w(z),w(y)}.

Similarly we can prove that case (iii).

Case (iv) If z ¢ H and y ¢ H. Then 7j(x) = [q1, 2] = Ti(y) and
w(@) = 1 - g = w(y). So, min{(x),7(3)} = [q1,2] and maxfw(z),w(y)} =1 —g.
Next, 7j(x — y) = [p1, P2] or [q1,¢2] and w(z —y) = 1 — p or 1 — ¢, according as
x—y € Horx—y ¢ H. So, A = (7,w) is a cubic subgroup of R. Now, let
x,y,z € H. We have the following eight cases:

(1) xre Hye Hand z€ H
(2) x¢ Hye Hand z€ H
3) xreHy¢ Hand z€ H
(4) re Hyce Hand 2z ¢ H
(5) x¢ Hyy¢ Hand z € H
(6)
(7)
8)

(1
(2
(3
(4

x€Hy¢ Hand z¢ H

x¢ HyeHandz¢ H

x¢ Hyd¢ Hand z¢ H

These cases can be proved by similar arguments of the cubic cases above.

Hence, 7(zayfz) = min{7(x), 7(y),7(2)} and w(zayfz) < max{w(z),w(y),w(z)}.
Therefore, A = (7],w) is a cubic weak bi-ideal of R.

Conversly, assume that A = (7], w) is a cubic weak bi-ideal of R. Let z,y,z € H
and o, 8 € T" be such that 7j(z) = 7j(y) = 7(2) = [p1, p2] and w(z) = w(y) = w(z) =
1 — p. Since 7 is an interval-valued fuzzy weak bi-ideal of I'-near-ring R, we have
7(z —y) > min{7(x),7(y)} = [p1,p2] and w is a fuzzy weak bi-ideals of I'-near-ring
R, we have w(z — y) < max{w(z),w(y)} =1—p.

Again, 7i(zayBz) > min{7(z),7(9),7(z)} = [p1, ps] and
w(zayfz) < max{w(z),w(y),w(z)} =1—p. Sox —y,zayfz € H.

Hence H is a weak bi-ideal of I'-near-ring R. (]

Theorem 3.11. The direct product of cubic ideals of I'-near-ring is a cubic ideal
of T'-near-ring.

Proof. Let A; = (7j;,w;) be cubic ideals of Inear-rings R; for i = 1,2,3,...,n. Let
R=Ri xRy x -+ xR, T =Ty xTygx---xT, and z = (z1,22,...,2Zn),
y=(Y1,Y2,---sYn), 2 = (21,22, .., 2n) € N,a = (a1, 9, ...,0,) and
B=(B1,B2,...,8n) €T.

ni(x —y) =ni((z1, 22, -, 2n) — (Y1, Y25+ -+, Yn))

=0i(T1 — Y1,%2 — Y2, -+, Tn — Yn)
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= min{ﬁl('xl - y1)7ﬁ2($2 - y2>7 s ,ﬁn(l'n - yn)}

> min{min{7y (x1), 71 (y1)}, min{na(x2), 72(y2) }, - - -, min{7n (20 ), 9 (yn) } }

= min{min{ﬁ1($1)7ﬁ2(x2), s 7ﬁn(xn)}vmin{ﬁl(yl)vﬁQ(yZ)v s vﬁn(yn)}}
=min{(71 X 92X, .., XN ) (X1, T2, -+, Tp ), (M1 X T2Xs vy X)) (Y15 Y25 -+ -5 Yn) }
= min{7;(x),7:(y) }

wilx —y) =wi((z1, 22, ..., 2n) — (Y1,Y2, -, Yn))

:wi(zl — Y1, 22 *yz,---,xn*yn)

= max{wl(xl - y1)7w2(x2 - y2)7 v 7wn(xn - yn)}

< max{max{wl (.%'1), w1 (yl)}v maX{wQ(xQ)’WQ(?D)}v R 7maX{Wn(xn)7wn(yn)}}

= max{max{w; (z1),wa(x2),...,wn(xn)}, max{wi (y1),w2(y2), .- -, wn(yn)}}

= max{(w1 X waX,..., XwWp)(T1,T2,...,ZTn), (W1 X wax, -+, Xwn)(Y1,Y2,- - Yn)}
— mac{w(2), wi (3)}

Ti(zoyfz)

=n;((x1, 22, ..., zn) (a1, a2, ..y ) (Y1, Y2, - -, Yn) (B1, B, - -, Bn) (21, 22, .., 2n))
= (@111 P1 21, Taay2 S22, - - . TnOnYnn2n)

= min{n; (r101y18121), N2 (T202y28222), - . . , M (TnnynBrn21)}

> min{min{7 (z1), 7 (y1), 71 (21) }, min{72(x2), N2 (y2), M2(22) }, - - -,

min{ 9, (), T (Yn)s 0 (Yn) } }

= min{min{71 (z1), N2(z2), - . ., Pn(zn) }, min{ M1 (Y1), B2(y2), - - -, M (yYn) }4
min{ﬁl (21)7 772(22)7 EER ﬁn(zn)}}

= Inll’l{(’ﬁl X 772)(, ey Xﬁn)(.’li‘l,xz, . ,J}n), (771 X 772)(, ey Xﬁn)(yl,yg, e 7yn),
(771 X 772)(,...,Xﬁn)(ZhZQ,...,Zn)}

= min{7;(x), 7:(y), 7:(2) }.

wi(zaypz)

=w;i((z1,22, ..., zn) (1,2, oy (Y1, Y25 -« -5 Un) (B1, B2y -+, Bn) (21522, -+, 20))
= wi(r100y1P121, L2022 (222, -+ -, T Yn Pn2n)

= max{wi (z101Y15121), w2 (T2q2y25222), - . ., Wn (Tn O YnBnz1) }

< max{max{w (1), w1 (y1), w1(21)}, max{wa(z2), w2 (y2), wa(22)}, .. -,
max{wn(xn), Wn (yn), Wn (yn)}}

= max{max{w; (21), wa(x2),...,wn(zn)}, max{wi (y1),w2(y2), -, wn(yn)},
max{wi(z1),wa2(22),...,wn(2zn)}}

= max{(w1 X waX,..., Xwp)(T1, T2, ..., ZTn), (W1 X WX, ..., XwWn)(Y1,Y2, -+, Yn)s
(w1 X waX, ..., Xwp) (21,22, -, 2n)}

= masc{uwi (), 01 (1), @i ()} 0

4. HOMOMORPHISM OF CUBIC WEAK BI-IDEALS OF ['-NEAR-RINGS
Definition 4.1. [5] Let R and S be near-rings. A map 6 : R — S is called a

(near-ring) homomorphism if 6(z + y) = 6(z) + 0(y) and 6(zy) = 0(z)0(y) for all
z,y € R.

Definition 4.2. [18] Let R and S be I'-near-rings. A map 6 : R — S is called a
(T-near-ring) homomorphism if (z + y) = 6(z) + 6(y) and O(zay) = 0(x) a O(y)
for all z,y € R and a € T.

Theorem 4.3. Let f : R — Ry be a homomorphism between two I'-near-rings R
and Ry. If A= (Tj,w) is a cubic weak bi-ideal of T'-near-ring Ry, then
Cr HA) =(C;7 (M), Cy " (w)) is a cubic weak bi-ideal of I-near-ring R.

Proof. Let A = (7, w) be a cubic weak bi-ideal of I'-near-ring R;.
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Let z,y,z € R. Then Cy(z),Cf(y),Cr(z) € R1, we have 7 is an interval-valued
fuzzy weak bi-ideal of I'-near-ring R;.

Crtm (e —y) =7(f(z —y))
=7(f(z) = f(y))
> min{7(f(z)),7
= mln{Cf @

and w is a fuzzy weak bi-ideal of I'-near-ring R;.

O HA) = <Cf71(ﬁ), Cffl(w)> is a cubic subgroup of I'-near-ring R. Again,

Cr (M) (zayBz) =7(f(zayBz))
=7(f(z)af(y)Bf(2))
>m1n{77( ), 1(f (), n(f(2))}
= min{C; ' (7)(«), C7 ' (M) (v), C;
Cfl(w)(xayﬁz) = w(f(zaypz))
w(f(z)ef (y)BS(
Smax{w( (x)
:max{ijl(w

il
—
—

33
N—
=~

S

S~—
—

W

~—

)

—_

Hence, C;~'(A) = (C;7'(m),Cy ' (w)) is a cubic weak bi-ideal of I-near-ring R.
(I

Remark 4.4. We can also state the converse of the theorem by strengthening the
condition of f as follows.

Theorem 4.5. Let f : R — Ry be a homomorphism between two I'-near-rings R
and Ry. Let A = (j,w) is a cubic subset of T'-near-ring Ry .

IfC; Y (A) = <Cf_1(ﬁ),Cf_1(w)> is a cubic weak bi-ideal of I'-near-ring R, then
A = (,w) is a cubic weak bi-ideal of T-near-ring R;.
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Proof. Let A = (7j,w) be a cubic subset of I'-near-ring R; and z,y,2z € Ry. Then
fla) =z, f(b) =y, f(c) = z for some a,b,c € R, it follows that 77 is an interval-
valued fuzzy weak bi-ideal of I'-near-ring Ry

=7(f(aabBc)
= (C; ' (m))(aabfc)
> min{C; (1) (a), Cy ' (M) (), C; ' (M)(c)}

)
= min{7(x), 7(y),7(2)}
w(zayfz) = w(f(a)af()Bf(c))
)

= (Cr ™" (w))(aabBe)

= max{w(z), w(y), w(z)

Hence, A = (7, w) is a cubic weak bi-ideal of I'-near-ring R;. O

Theorem 4.6. Let f: R — Ry be an onto I'-near-ring homomorphism.
If A= (77,w) is a cubic weak bi-ideal of T'-near-ring R then Cy(A) = (C;(7), Cr(w))
is a cubic weak bi-ideal of I'-near-ring R .

Proof. Let A = (7j,w) is a cubic weak bi-ideal of I'-near-ring R.
Since Cf(7)(2’) = sup (7(x)) for z7 € Ry and Cy(w)(z') = f(inf (w(z))

f )=z’ x)_

for 2’ € Ry.
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So, Cf(A) = (C¢(7), Cf(w)) is non-empty. Let ’,y’, 2" € Ry. Then we have
Crm( —y')= sup  7(p)
fp)="—y’
> sup  Tj(z —y)
f(@)=a'f(y)=y’

> sup min{7(z), 7(y)}
Fx)=2",f(y)=y’

= min{ sup 7(z), sup 77(3!)}
flx)=a' fy)=y’
= min{C; (M) ("), Cy(M (')}
Cpw)(z' —y' )= inf  w(p)
flp)=a'—y’
< inf
flx)==',f(y)=y’
< inf )
- f(z):acl/r,lf(y):y’ max{w(r), ()
= 1 f 9 i f
e {f(ir;—zf @), ot w(y)}
= max{C(w)(z"), Cr(w)(y")}

w(r —y)

Cr(m)(a'ay'Bz') = sup  7(p)
f(p)=2'ay’' Bz’
> sup n(rayBz)
F@)=a' f(y)=y' f()=2'
> sup min{7(x),7(y),7(2)}

@)= fy)=y' f(z)=2"

=min{¢ sup 7(z), sup 7(y), sup 7(z)
f(z)=x' fy)=vy’ f(z)=='

= min{Cs(7)(z"), Cr(M ('), Cr (M) (z")}

Cr(w) (2 ay' p2) = inf w
r(w) (2’ ay'Bz") oy (»)

A

inf w(xaybz
T fm)=zf(y)=y',f(2)=2' (waypz)

< inf max{w(z),w(y),w(z

S oy sy s(eyme () 0 0), (2]

= max inf w(z), inf w(y), inf w(z
{f(w)r’ (=) fy)=y’ ) fz)=z ( )}

= max{Cy(w)(z), Cr(w)(y"), Cr(w) (<)}
Hence, Cy(A) = (Cy(7), Cr(w)) is a cubic weak bi-ideal of I'-near-ring Rj. O
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